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Transductions: history

Early notion in formal language theory, motivated by coding theory, 
compiling, linguistics…


E. F. Moore 1956 “Gedankenexperiments on sequential machines” 

D. Scott 1967: “[…] the functions computed by the various machines are more 
important - or at least more basic - than the sets accepted by these devices“ 

Schützenberger 1961, Elgot-Mezei 1965, Ginsburg-Rose 1966, Nivat 1968, 
Aho-Hopcroft-Ullman 1969, Engelfriet 1972, Eilenberg 1976, Choffrut 1977,…
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Word transductions 
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Transducers

transform objects -  here: words into words

0 |  1

1 | 0 0 | 0

1 | 1

| 1
<latexit sha1_base64="vAG+zbNzwwBTiQipDvflDVkfmck=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAdklzA720mGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KU86M9f1vr7SxubW9U96t7O0fHB5Vj086RmWaQpsqrnQvJgY4k9C2zHLopRqIiDl048nd3O8+gTZMyUc7TSESZCTZkFFinRSGgiUhpIZxJQfVml/3F8DrJChIDRVoDapfYaJoJkBayokx/cBPbZQTbRnlMKuEmYGU0AkZQd9RSQSYKF/cPMMXTknwUGlX0uKF+nsiJ8KYqYhdpyB2bFa9ufif18/ssBHlTKaZBUmXi4YZx1bheQA4YRqo5VNHCNXM3YrpmGhCrYup4kIIVl9eJ52renBTv364rjUbRRxldIbO0SUK0C1qonvUQm1EUYqe0St68zLvxXv3PpatJa+YOUV/4H3+AFcdkd0=</latexit>

| ✏

Example: binary increment (least significant bit left/right)

0 |  1
1 | 00 | 0

1 | 1

| 1
<latexit sha1_base64="vAG+zbNzwwBTiQipDvflDVkfmck=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAdklzA720mGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KU86M9f1vr7SxubW9U96t7O0fHB5Vj086RmWaQpsqrnQvJgY4k9C2zHLopRqIiDl048nd3O8+gTZMyUc7TSESZCTZkFFinRSGgiUhpIZxJQfVml/3F8DrJChIDRVoDapfYaJoJkBayokx/cBPbZQTbRnlMKuEmYGU0AkZQd9RSQSYKF/cPMMXTknwUGlX0uKF+nsiJ8KYqYhdpyB2bFa9ufif18/ssBHlTKaZBUmXi4YZx1bheQA4YRqo5VNHCNXM3YrpmGhCrYup4kIIVl9eJ52renBTv364rjUbRRxldIbO0SUK0C1qonvUQm1EUYqe0St68zLvxXv3PpatJa+YOUV/4H3+AFcdkd0=</latexit>

| ✏

<latexit sha1_base64="vAG+zbNzwwBTiQipDvflDVkfmck=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAdklzA720mGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KU86M9f1vr7SxubW9U96t7O0fHB5Vj086RmWaQpsqrnQvJgY4k9C2zHLopRqIiDl048nd3O8+gTZMyUc7TSESZCTZkFFinRSGgiUhpIZxJQfVml/3F8DrJChIDRVoDapfYaJoJkBayokx/cBPbZQTbRnlMKuEmYGU0AkZQd9RSQSYKF/cPMMXTknwUGlX0uKF+nsiJ8KYqYhdpyB2bFa9ufif18/ssBHlTKaZBUmXi4YZx1bheQA4YRqo5VNHCNXM3YrpmGhCrYup4kIIVl9eJ52renBTv364rjUbRRxldIbO0SUK0C1qonvUQm1EUYqe0St68zLvxXv3PpatJa+YOUV/4H3+AFcdkd0=</latexit>

| ✏

deterministic
lsb left

non-deterministic
lsb right



Transducers

one-way finite-state transducers

erase vowelsmtmrphssmetamorphosis

two-way finite-state transducers

output mirror

output letters occurring more than once

metamorphosis sisohpromatem

metamorphosis mmooss

0 0 1 0 11 1 0 0 1 increment



deterministic 2-way transducer computing the mirror transduction
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<latexit sha1_base64="eTEVA1q7KdJkWdeVBb4pMKfD2J4=">AAACCXicbVC7SgNBFJ31GeMramkzGAQLCbsS1DJgYxnBPCC7hNnZu8mQ2Qczd4NhSWvjr9hYKGLrH9j5N04ehSYeGDiccy537vFTKTTa9re1srq2vrFZ2Cpu7+zu7ZcODps6yRSHBk9koto+0yBFDA0UKKGdKmCRL6HlD24mfmsISoskvsdRCl7EerEIBWdopG6JusOA6f45dREeMFei18exG4nAhVQLOYmU7Yo9BV0mzpyUyRz1bunLDRKeRRAjl0zrjmOn6OVMoeASxkU305AyPmA96Bgaswi0l08vGdNTowQ0TJR5MdKp+nsiZ5HWo8g3yYhhXy96E/E/r5NheO3lIk4zhJjPFoWZpJjQSS00EAo4ypEhjCth/kp5nynG0ZRXNCU4iycvk+ZFxbmsVO+q5Vp1XkeBHJMTckYcckVq5JbUSYNw8kieySt5s56sF+vd+phFV6z5zBH5A+vzB2ycmsc=</latexit>

`, right | ✏

<latexit sha1_base64="3ZeVVjBoiUfAORFOYUQj9+8pFEI=">AAACBHicbVA9SwNBEN3zM8avqGWaxSBYSLiToJYBG8sI5gNyR9jbTJIlex/szonhSGHjX7GxUMTWH2Hnv3EvuUITHww83pthZp4fS6HRtr+tldW19Y3NwlZxe2d3b790cNjSUaI4NHkkI9XxmQYpQmiiQAmdWAELfAltf3yd+e17UFpE4R1OYvACNgzFQHCGRuqVyuyMuggPmCoxHOHUDUTfhVgLmbkVu2rPQJeJk5MKydHolb7cfsSTAELkkmnddewYvZQpFFzCtOgmGmLGx2wIXUNDFoD20tkTU3pilD4dRMpUiHSm/p5IWaD1JPBNZ8BwpBe9TPzP6yY4uPJSEcYJQsjniwaJpBjRLBHaFwo4yokhjCthbqV8xBTjaHIrmhCcxZeXSeu86lxUa7e1Sr2Wx1EgZXJMTolDLkmd3JAGaRJOHskzeSVv1pP1Yr1bH/PWFSufOSJ/YH3+AFS2mIQ=</latexit>

a, right | ✏

<latexit sha1_base64="MmDTo13DJk9vlWeWtEUpHzUUe+8=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgIWFXgloGbCwjmAdkQ5idvZsMmX0wczcYlpQ2/oqNhSK2foKdf+PkUWjigYHDOedy5x4vkUKjbX9buZXVtfWN/GZha3tnd6+4f9DQcao41HksY9XymAYpIqijQAmtRAELPQlNb3Az8ZtDUFrE0T2OEuiErBeJQHCGRuoWj12f6f7wnLoID5hJCHDshsJ3IdFCThIlu2xPQZeJMyclMketW/xy/ZinIUTIJdO67dgJdjKmUHAJ44KbakgYH7AetA2NWAi6k00PGdNTo/g0iJV5EdKp+nsiY6HWo9AzyZBhXy96E/E/r51icN3JRJSkCBGfLQpSSTGmk1aoLxRwlCNDGFfC/JXyPlOMo+muYEpwFk9eJo2LsnNZrtxVStXKvI48OSIn5Iw45IpUyS2pkTrh5JE8k1fyZj1ZL9a79TGL5qz5zCH5A+vzB4vUmko=</latexit>

a, left | ✏

<latexit sha1_base64="q+QBDu0oVX/q1YlkUocKG4VI9g4=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATwiTeBC8eI5goJEPo6anRxp6F7hoxDsFf8eJBEa/+hzf/xs4iqOiDgsd7VVTVCzIpNDrOhzUzOze/sFhaKi+vrK6tVzY2OzrNFYc2T2WqLgKmQYoE2ihQwkWmgMWBhPPg+njkn9+A0iJNznCQgR+zy0REgjM0Ur+yzQ5oD+EWCwkRDnuxCCnrV6qO7Tbcw7pLHbvmeZ5zaEjT8bxmg7q2M0aVTNHqV957YcrzGBLkkmnddZ0M/YIpFFzCsNzLNWSMX7NL6BqasBi0X4yvH9I9o4Q0SpWpBOlY/T5RsFjrQRyYzpjhlf7tjcS/vG6OUdMvRJLlCAmfLIpySTGloyhoKBRwlANDGFfC3Er5FVOMowmsbEL4+pT+Tzo12/Xs+mm9elSfxlEiO2SX7BOXNMgROSEt0iac3JEH8kSerXvr0XqxXietM9Z0Zov8gPX2CZQQlU0=</latexit>

a, left | a

<latexit sha1_base64="cHUNs86mh0b1v93nbbQ2qWdDKAw=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SBYSNiVoJYBG8sI5gHZEGZnb5Ihsw9m7gbDktrGX7GxUMTWL7Dzb5xNUmjigYHDOedy5x4vlkKjbX9buZXVtfWN/GZha3tnd6+4f9DQUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3iT+c0RKC2i8B7HMXQC1g9FT3CGRuoWj92Rz/TgnLoID5gq0R/gxA2ET12ItZBZpmSX7SnoMnHmpETmqHWLX64f8SSAELlkWrcdO8ZOyhQKLmFScBMNMeND1oe2oSELQHfS6SkTemoUn/YiZV6IdKr+nkhZoPU48EwyYDjQi14m/ue1E+xdd1IRxglCyGeLeomkGNGsF+oLBRzl2BDGlTB/pXzAFONo2iuYEpzFk5dJ46LsXJYrd5VStTKvI0+OyAk5Iw65IlVyS2qkTjh5JM/klbxZT9aL9W59zKI5az5zSP7A+vwBzOia8Q==</latexit>

`, right | ✏

<latexit sha1_base64="q+QBDu0oVX/q1YlkUocKG4VI9g4=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATwiTeBC8eI5goJEPo6anRxp6F7hoxDsFf8eJBEa/+hzf/xs4iqOiDgsd7VVTVCzIpNDrOhzUzOze/sFhaKi+vrK6tVzY2OzrNFYc2T2WqLgKmQYoE2ihQwkWmgMWBhPPg+njkn9+A0iJNznCQgR+zy0REgjM0Ur+yzQ5oD+EWCwkRDnuxCCnrV6qO7Tbcw7pLHbvmeZ5zaEjT8bxmg7q2M0aVTNHqV957YcrzGBLkkmnddZ0M/YIpFFzCsNzLNWSMX7NL6BqasBi0X4yvH9I9o4Q0SpWpBOlY/T5RsFjrQRyYzpjhlf7tjcS/vG6OUdMvRJLlCAmfLIpySTGloyhoKBRwlANDGFfC3Er5FVOMowmsbEL4+pT+Tzo12/Xs+mm9elSfxlEiO2SX7BOXNMgROSEt0iac3JEH8kSerXvr0XqxXietM9Z0Zov8gPX2CZQQlU0=</latexit>

a, left | a
<latexit sha1_base64="q+QBDu0oVX/q1YlkUocKG4VI9g4=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATwiTeBC8eI5goJEPo6anRxp6F7hoxDsFf8eJBEa/+hzf/xs4iqOiDgsd7VVTVCzIpNDrOhzUzOze/sFhaKi+vrK6tVzY2OzrNFYc2T2WqLgKmQYoE2ihQwkWmgMWBhPPg+njkn9+A0iJNznCQgR+zy0REgjM0Ur+yzQ5oD+EWCwkRDnuxCCnrV6qO7Tbcw7pLHbvmeZ5zaEjT8bxmg7q2M0aVTNHqV957YcrzGBLkkmnddZ0M/YIpFFzCsNzLNWSMX7NL6BqasBi0X4yvH9I9o4Q0SpWpBOlY/T5RsFjrQRyYzpjhlf7tjcS/vG6OUdMvRJLlCAmfLIpySTGloyhoKBRwlANDGFfC3Er5FVOMowmsbEL4+pT+Tzo12/Xs+mm9elSfxlEiO2SX7BOXNMgROSEt0iac3JEH8kSerXvr0XqxXietM9Z0Zov8gPX2CZQQlU0=</latexit>

a, left | a
<latexit sha1_base64="M8yRaDCHAmwkS/C0MfERNLQCl9Q=">AAAB/XicdVDLSgNBEJz1GeMrPm5eBoPgQZadGJI9Brx4VDCJkIQwO+nVwdkHM71iXIK/4sWDIl79D2/+jZMYQUULGoqqbrq7glRJg5737szMzs0vLBaWissrq2vrpY3NlkkyLaApEpXo84AbUDKGJkpUcJ5q4FGgoB1cHY399jVoI5P4DIcp9CJ+EctQCo5W6pe2+QHtItxgriDEUTeSA8r7pbLn+nVWrx1Sz/UYY5WaJazi+z6jzPUmKJMpTvqlt+4gEVkEMQrFjekwL8VezjVKoWBU7GYGUi6u+AV0LI15BKaXT64f0T2rDGiYaFsx0on6fSLnkTHDKLCdEcdL89sbi395nQxDv5fLOM0QYvG5KMwUxYSOo6ADqUGgGlrChZb2ViouueYCbWBFG8LXp/R/0qq4rOZWT6vlRnUaR4HskF2yTxipkwY5JiekSQS5JffkkTw5d86D8+y8fLbOONOZLfIDzusHfXuVPQ==</latexit>

a, left | a

Example



metamorphosis mmooss

deterministic 2-way transducer computing the transduction:

“subsequence of letters occurring more than once”

Example:

<latexit sha1_base64="eTEVA1q7KdJkWdeVBb4pMKfD2J4=">AAACCXicbVC7SgNBFJ31GeMramkzGAQLCbsS1DJgYxnBPCC7hNnZu8mQ2Qczd4NhSWvjr9hYKGLrH9j5N04ehSYeGDiccy537vFTKTTa9re1srq2vrFZ2Cpu7+zu7ZcODps6yRSHBk9koto+0yBFDA0UKKGdKmCRL6HlD24mfmsISoskvsdRCl7EerEIBWdopG6JusOA6f45dREeMFei18exG4nAhVQLOYmU7Yo9BV0mzpyUyRz1bunLDRKeRRAjl0zrjmOn6OVMoeASxkU305AyPmA96Bgaswi0l08vGdNTowQ0TJR5MdKp+nsiZ5HWo8g3yYhhXy96E/E/r5NheO3lIk4zhJjPFoWZpJjQSS00EAo4ypEhjCth/kp5nynG0ZRXNCU4iycvk+ZFxbmsVO+q5Vp1XkeBHJMTckYcckVq5JbUSYNw8kieySt5s56sF+vd+phFV6z5zBH5A+vzB2ycmsc=</latexit>

`, right | ✏
<latexit sha1_base64="3ZeVVjBoiUfAORFOYUQj9+8pFEI=">AAACBHicbVA9SwNBEN3zM8avqGWaxSBYSLiToJYBG8sI5gNyR9jbTJIlex/szonhSGHjX7GxUMTWH2Hnv3EvuUITHww83pthZp4fS6HRtr+tldW19Y3NwlZxe2d3b790cNjSUaI4NHkkI9XxmQYpQmiiQAmdWAELfAltf3yd+e17UFpE4R1OYvACNgzFQHCGRuqVyuyMuggPmCoxHOHUDUTfhVgLmbkVu2rPQJeJk5MKydHolb7cfsSTAELkkmnddewYvZQpFFzCtOgmGmLGx2wIXUNDFoD20tkTU3pilD4dRMpUiHSm/p5IWaD1JPBNZ8BwpBe9TPzP6yY4uPJSEcYJQsjniwaJpBjRLBHaFwo4yokhjCthbqV8xBTjaHIrmhCcxZeXSeu86lxUa7e1Sr2Wx1EgZXJMTolDLkmd3JAGaRJOHskzeSVv1pP1Yr1bH/PWFSufOSJ/YH3+AFS2mIQ=</latexit>

a, right | ✏
<latexit sha1_base64="+exZbnmtulRfkq2LxjDCAqn5chA=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmJIdljwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GycPQUULGoqqbrq7wlRwbTzvw8ltbG5t7+R3C3v7B4dHxeOTtk4yxaDFEpGobkg1CC6hZbgR0E0V0DgU0Akn1wu/cw9K80TemmkKQUxHkkecUWOlJh0US57r10iteoU91yOElKuWkLLv+wQT11uihNZoDIrv/WHCshikYYJq3SNeaoIZVYYzAfNCP9OQUjahI+hZKmkMOpgtD53jC6sMcZQoW9Lgpfp9YkZjradxaDtjasb6t7cQ//J6mYn8YMZlmhmQbLUoygQ2CV58jYdcATNiagllittbMRtTRZmx2RRsCF+f4v9Ju+ySqltpVkr1yjqOPDpD5+gSEVRDdXSDGqiFGAL0gJ7Qs3PnPDovzuuqNeesZ07RDzhvnyj7jSc=</latexit>a <latexit sha1_base64="+exZbnmtulRfkq2LxjDCAqn5chA=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmJIdljwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GycPQUULGoqqbrq7wlRwbTzvw8ltbG5t7+R3C3v7B4dHxeOTtk4yxaDFEpGobkg1CC6hZbgR0E0V0DgU0Akn1wu/cw9K80TemmkKQUxHkkecUWOlJh0US57r10iteoU91yOElKuWkLLv+wQT11uihNZoDIrv/WHCshikYYJq3SNeaoIZVYYzAfNCP9OQUjahI+hZKmkMOpgtD53jC6sMcZQoW9Lgpfp9YkZjradxaDtjasb6t7cQ//J6mYn8YMZlmhmQbLUoygQ2CV58jYdcATNiagllittbMRtTRZmx2RRsCF+f4v9Ju+ySqltpVkr1yjqOPDpD5+gSEVRDdXSDGqiFGAL0gJ7Qs3PnPDovzuuqNeesZ07RDzhvnyj7jSc=</latexit>a

<latexit sha1_base64="9JMAl36QmY0BUa3Xp9LemFuSS4Y=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYSNiVoDZCwMYygnlANoTZyU0yZHZ2mbkrhiU/YOOv2FgoYmtv5984eRSaeGDgcM653LkniKUw6LrfTmZpeWV1Lbue29jc2t7J7+7VTJRoDlUeyUg3AmZACgVVFCihEWtgYSChHgyux379HrQRkbrDYQytkPWU6ArO0Ert/FFAfRXhFTulPsIDplr0+jiifig61IfYCDmOFdyiOwFdJN6MFMgMlXb+y+9EPAlBIZfMmKbnxthKmUbBJYxyfmIgZnzAetC0VLEQTCudXDOix1bp0G6k7VNIJ+rviZSFxgzDwCZDhn0z743F/7xmgt3LVipUnCAoPl3UTSTFiI6roR2hgaMcWsK4FvavlPeZZhxtgTlbgjd/8iKpnRW982LptlQol2Z1ZMkBOSQnxCMXpExuSIVUCSeP5Jm8kjfnyXlx3p2PaTTjzGb2yR84nz8OKZuK</latexit>

b 6= a, right | ✏

<latexit sha1_base64="cHUNs86mh0b1v93nbbQ2qWdDKAw=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SBYSNiVoJYBG8sI5gHZEGZnb5Ihsw9m7gbDktrGX7GxUMTWL7Dzb5xNUmjigYHDOedy5x4vlkKjbX9buZXVtfWN/GZha3tnd6+4f9DQUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3iT+c0RKC2i8B7HMXQC1g9FT3CGRuoWj92Rz/TgnLoID5gq0R/gxA2ET12ItZBZpmSX7SnoMnHmpETmqHWLX64f8SSAELlkWrcdO8ZOyhQKLmFScBMNMeND1oe2oSELQHfS6SkTemoUn/YiZV6IdKr+nkhZoPU48EwyYDjQi14m/ue1E+xdd1IRxglCyGeLeomkGNGsF+oLBRzl2BDGlTB/pXzAFONo2iuYEpzFk5dJ46LsXJYrd5VStTKvI0+OyAk5Iw65IlVyS2qkTjh5JM/klbxZT9aL9W59zKI5az5zSP7A+vwBzOia8Q==</latexit>

`, right | ✏

<latexit sha1_base64="i16S0hZCd+W5g/tPOvafV3G5CPU=">AAACDHicbVC7SgNBFJ31GeMramkzGAQLCbsS1EYI2FhGMA/IhjA7uZsMmZ1dZu6KYckH2PgrNhaK2PoBdv6Nk0ehiQcGDuecy517gkQKg6777Swtr6yurec28ptb2zu7hb39uolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9dhv3IM2IlZ3OEygHbGeEqHgDK3UKRQD6qsYr9gp9REeMJMQ4oj6kehSHxIj5CTlltwJ6CLxZqRIZqh2Cl9+N+ZpBAq5ZMa0PDfBdsY0Ci5hlPdTAwnjA9aDlqWKRWDa2eSYET22SpeGsbZPIZ2ovycyFhkzjAKbjBj2zbw3Fv/zWimGl+1MqCRFUHy6KEwlxZiOm6FdoYGjHFrCuBb2r5T3mWYcbX95W4I3f/IiqZ+VvPNS+bZcrJRndeTIITkiJ8QjF6RCbkiV1Agnj+SZvJI358l5cd6dj2l0yZnNHJA/cD5/ACxQmw0=</latexit>

b 6= a, left | ✏

<latexit sha1_base64="z/IUirMu6cY3LV7sTM1TnNV7y2Q=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GwkHAnQS0DNpYRzAfkjrC3mUuW7H2wOyeGI42Nf8XGQhFb/4Od/8a9JIUmPhh4vDfDzDw/kUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/vA691v3oLSIozscJeCFrB+JQHCGRuqWjtgZdREeMJMQ4Ji6oehRFxItZG6X7Yo9AV0kzoyUyQz1bunL7cU8DSFCLpnWHcdO0MuYQsEljItuqiFhfMj60DE0YiFoL5t8MaYnRunRIFamIqQT9fdExkKtR6FvOkOGAz3v5eJ/XifF4MrLRJSkCBGfLgpSSTGmeSS0JxRwlCNDGFfC3Er5gCnG0QRXNCE48y8vkuZ5xbmoVG+r5Vp1FkeBHJJjckoccklq5IbUSYNw8kieySt5s56sF+vd+pi2LlmzmQPyB9bnDzDUmFs=</latexit>

a, left | ✏

<latexit sha1_base64="i16S0hZCd+W5g/tPOvafV3G5CPU=">AAACDHicbVC7SgNBFJ31GeMramkzGAQLCbsS1EYI2FhGMA/IhjA7uZsMmZ1dZu6KYckH2PgrNhaK2PoBdv6Nk0ehiQcGDuecy517gkQKg6777Swtr6yurec28ptb2zu7hb39uolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9dhv3IM2IlZ3OEygHbGeEqHgDK3UKRQD6qsYr9gp9REeMJMQ4oj6kehSHxIj5CTlltwJ6CLxZqRIZqh2Cl9+N+ZpBAq5ZMa0PDfBdsY0Ci5hlPdTAwnjA9aDlqWKRWDa2eSYET22SpeGsbZPIZ2ovycyFhkzjAKbjBj2zbw3Fv/zWimGl+1MqCRFUHy6KEwlxZiOm6FdoYGjHFrCuBb2r5T3mWYcbX95W4I3f/IiqZ+VvPNS+bZcrJRndeTIITkiJ8QjF6RCbkiV1Agnj+SZvJI358l5cd6dj2l0yZnNHJA/cD5/ACxQmw0=</latexit>

b 6= a, left | ✏

<latexit sha1_base64="KIhyOqjiDsyzgwcZm4fERRqcCSE=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SBYSNiVoJYBG8sI5gHZEGZn7yZDZh/M3A2GJbWNv2JjoYitX2Dn3zh5FJp4YOBwzrncucdLpNBo299WbmV1bX0jv1nY2t7Z3SvuHzR0nCoOdR7LWLU8pkGKCOooUEIrUcBCT0LTG9xM/OYQlBZxdI+jBDoh60UiEJyhkbrFY9dnuj88py7CA2YSAhxTNxQ+dSHRQk4yJbtsT0GXiTMnJTJHrVv8cv2YpyFEyCXTuu3YCXYyplBwCeOCm2pIGB+wHrQNjVgIupNNTxnTU6P4NIiVeRHSqfp7ImOh1qPQM8mQYV8vehPxP6+dYnDdyUSUpAgRny0KUkkxppNeqC8UcJQjQxhXwvyV8j5TjKNpr2BKcBZPXiaNi7JzWa7cVUrVyryOPDkiJ+SMOOSKVMktqZE64eSRPJNX8mY9WS/Wu/Uxi+as+cwh+QPr8wdKnZqe</latexit>

a, left | ✏

<latexit sha1_base64="+exZbnmtulRfkq2LxjDCAqn5chA=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmJIdljwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GycPQUULGoqqbrq7wlRwbTzvw8ltbG5t7+R3C3v7B4dHxeOTtk4yxaDFEpGobkg1CC6hZbgR0E0V0DgU0Akn1wu/cw9K80TemmkKQUxHkkecUWOlJh0US57r10iteoU91yOElKuWkLLv+wQT11uihNZoDIrv/WHCshikYYJq3SNeaoIZVYYzAfNCP9OQUjahI+hZKmkMOpgtD53jC6sMcZQoW9Lgpfp9YkZjradxaDtjasb6t7cQ//J6mYn8YMZlmhmQbLUoygQ2CV58jYdcATNiagllittbMRtTRZmx2RRsCF+f4v9Ju+ySqltpVkr1yjqOPDpD5+gSEVRDdXSDGqiFGAL0gJ7Qs3PnPDovzuuqNeesZ07RDzhvnyj7jSc=</latexit>a

<latexit sha1_base64="GcKAiXSOfbZpW9euiAH/W94Tfiw=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4kLArQT0GvHiMYB6QDWF2tjcZMvtgplcMS05e/BUvHhTx6jd482+cJHvQxIKGoqqb7i4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vB64rfuQWkRR3c4SqAbsn4kAsEZGqlXOmJn1EV4wEyJ/gDH1A2FT11ItJATv2xX7CnoInFyUiY56r3Sl+vHPA0hQi6Z1h3HTrCbMYWCSxgX3VRDwviQ9aFjaMRC0N1s+saYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFIOrbiaiJEWI+GxRkEqKMZ1kQn2hgKMcGcK4EuZWygdMMY4muaIJwZl/eZE0zyvORaV6Wy3XqnkcBXJIjskpccglqZEbUicNwskjeSav5M16sl6sd+tj1rpk5TMH5A+szx8QM5jY</latexit>

a, right | ✏

<latexit sha1_base64="Ayr4xjMe7NpwDVL7/RG+0HokLk4="></latexit>

a, right | a



Finite state transducers are finite automata with transitions:

<latexit sha1_base64="+yfOftFiprsDyolmL/2DPBIvqUc=">AAACEnicbVA9SwNBEN2LXzF+nVraLAZRm3AnQS0sAjaWEcwH5ELY22ySJXu7x+6cEo78Bhv/io2FIrZWdv4bN8kVmvhg4PHeDDPzwlhwA5737eSWlldW1/LrhY3Nre0dd3evblSiKatRJZRuhsQwwSWrAQfBmrFmJAoFa4TD64nfuGfacCXvYBSzdkT6kvc4JWCljntqcGCA0KFmIiU4iHgXJ+M0EEr2Ne8PgGitHsbYHHfcolfypsCLxM9IEWWodtyvoKtoEjEJVBBjWr4XQzslGjgVbFwIEsNiu5n0WctSSSJm2un0pTE+skoX95S2JQFP1d8TKYmMGUWh7YwIDMy8NxH/81oJ9C7bKZdxAkzS2aJeIjAoPMkHd7lmFMTIEkI1t7diOiCaULApFmwI/vzLi6R+VvLPS+XbcrFylcWRRwfoEJ0gH12gCrpBVVRDFD2iZ/SK3pwn58V5dz5mrTknm9lHf+B8/gDh2547</latexit>

s
a|u�! s0 read a from input and output word u

<latexit sha1_base64="Kh/Y2MuZ0y6a5jM8A5aPce2n318=">AAACC3icbZBNS8NAEIY3ftb6FfXoZbEIHqQkIuqxoAePFWwVmlI220m7uNmE3YlYQu5e/CtePCji1T/gzX/jts3BrxcWHt6ZYXbeMJXCoOd9OjOzc/MLi5Wl6vLK6tq6u7HZNkmmObR4IhN9HTIDUihooUAJ16kGFocSrsKb03H96ha0EYm6xFEK3ZgNlIgEZ2itnrtzRgOhaJAHCHeYS4iw2J+yFoMhFkHRc2te3ZuI/gW/hBop1ey5H0E/4VkMCrlkxnR8L8VuzjQKLqGoBpmBlPEbNoCORcViMN18cktBd63Tp1Gi7VNIJ+73iZzFxozi0HbGDIfmd21s/lfrZBiddHOh0gxB8emiKJMUEzoOhvaFBo5yZIFxLexfKR8yzTja+Ko2BP/3yX+hfVD3j+qHF4e1xkkZR4Vskx2yR3xyTBrknDRJi3ByTx7JM3lxHpwn59V5m7bOOOXMFvkh5/0Lzx2bjA==</latexit>

D 2 {left, right}
<latexit sha1_base64="65frBsHC4c5/T9oVWf3csGWPenw=">AAACFXicbVC7SgNBFJ2Nrxhfq5Y2g0G0CGFXglpYBLSwjGAekA1hdjJJhszOLDN3lbDkJ2z8FRsLRWwFO//GyaPQxAMXDufcy733hLHgBjzv28ksLa+srmXXcxubW9s77u5ezahEU1alSijdCIlhgktWBQ6CNWLNSBQKVg8HV2O/fs+04UrewTBmrYj0JO9ySsBKbbdgcGCA0IFmIiUFfI2DiHdwMkoDoWRP814fiNbqYYTNcdvNe0VvArxI/BnJoxkqbfcr6CiaREwCFcSYpu/F0EqJBk4FG+WCxLDYLic91rRUkoiZVjr5aoSPrNLBXaVtScAT9fdESiJjhlFoOyMCfTPvjcX/vGYC3YtWymWcAJN0uqibCAwKjyPCHa4ZBTG0hFDN7a2Y9okmFGyQORuCP//yIqmdFv2zYum2lC9fzuLIogN0iE6Qj85RGd2gCqoiih7RM3pFb86T8+K8Ox/T1owzm9lHf+B8/gBL3J7p</latexit>

s
a,D|u�! s0 read a from input, move D and output word u

one-way

two-way

other features: ❖ deterministic/non-deterministic
❖ regular look-ahead, look-around
❖ pebbles



metamorphosis mmooss

“subsequence of letters occurring more than once”Example:

Can be computed by

❖ deterministic one-way transducer with regular look-ahead 

❖ non-deterministic one-way transducer 

but not by any deterministic one-way transducer

Deterministic one-way transducers with regular look-
ahead and single-valued non-deterministic one-way 
transducers compute the same word functions.



Logic

MSOT: monadic second-order transductions

❖ output consists of fixed number of copies of input positions

[Courcelle, Engelfriet]

❖ order formula:     binary MSO formula 

       “i-th copy of input position x precedes j-th copy of input position 
y in the output”

<latexit sha1_base64="YeFHVBN1swJCf7TUvlGHeV2yQ2k=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVISKerCRcGNywr2AW0Ik8mkHTt5MHMjLSHgr7hxoYhbv8Odf+O0zUJbD1w4nHMv997jxpxJMM1vrbCyura+UdwsbW3v7O7p+wdtGSWC0BaJeCS6LpaUs5C2gAGn3VhQHLicdtzRzdTvPFIhWRTewySmdoAHIfMZwaAkRz/qAx1DGgkvc1JWfcgq4+rkzNHLZs2cwVgmVk7KKEfT0b/6XkSSgIZAOJayZ5kx2CkWwAinWamfSBpjMsID2lM0xAGVdjo7PzNOleIZfiRUhWDM1N8TKQ6knASu6gwwDOWiNxX/83oJ+Fd2ysI4ARqS+SI/4QZExjQLw2OCEuATRTARTN1qkCEWmIBKrKRCsBZfXibt85p1Uavf1cuN6zyOIjpGJ6iCLHSJGugWNVELEZSiZ/SK3rQn7UV71z7mrQUtnzlEf6B9/gA5NZWi</latexit>

ordi,j(x, y)

❖ domain formula:  unary MSO formula 

       “i-th copy of input position x occurs in the output and is 
labeled by symbol a”

<latexit sha1_base64="xSHREgLLXMFaRRh392SK6ez5wKY=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWoICWRoi5cFNy4rGAf0IYwmUzaoZMHMzfSEOKvuHGhiFs/xJ1/47TNQlsPXDiccy/33uPGnEkwzW+ttLa+sblV3q7s7O7tH+iHR10ZJYLQDol4JPoulpSzkHaAAaf9WFAcuJz23MntzO89UiFZFD5AGlM7wKOQ+YxgUJKjV4dAp5B5UZA7GT5neX165ug1s2HOYawSqyA1VKDt6F9DLyJJQEMgHEs5sMwY7AwLYITTvDJMJI0xmeARHSga4oBKO5sfnxunSvEMPxKqQjDm6u+JDAdSpoGrOgMMY7nszcT/vEEC/rWdsTBOgIZkschPuAGRMUvC8JigBHiqCCaCqVsNMsYCE1B5VVQI1vLLq6R70bAuG837Zq11U8RRRsfoBNWRha5QC92hNuogglL0jF7Rm/akvWjv2seitaQVM1X0B9rnD8+DlNs=</latexit>

doma,i(x)



Logic
MSOT: monadic second-order transductions

Example: <latexit sha1_base64="ts9yYWXRRUAzTPbUOWyT2+NGoaY=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyyCCxlmBlvrruDGZQV7gXYomTTThiaZIcm0lKFv4saFIm59E3e+jWk7BRX9IfDxn3PIOX+YMKq0635aa+sbm1vbhZ3i7t7+waF9dNxUcSoxaeCYxbIdIkUYFaShqWaknUiCeMhIKxzdzuutMZGKxuJBTxMScDQQNKIYaWP1bHsCuxwlSsfQ0CWc9OyS63g3Zb9ShTn4KyhDz3EXKoFc9Z790e3HOOVEaMyQUh3PTXSQIakpZmRW7KaKJAiP0IB0DArEiQqyxeYzeG6cPoxiaZ7QcOF+n8gQV2rKQ9PJkR6q37W5+Vetk+qoGmRUJKkmAi8/ilIGzZ3zGGCfSoI1mxpAWFKzK8RDJBHWJqyiCWF1Kfwfmr7jVRz//qpUq+VxFMApOAMXwAPXoAbuQB00AAZj8AiewYuVWU/Wq/W2bF2z8pkT8EPW+xeaJJMB</latexit>w 7! ww

❖ 2 copies 
❖ domain formula: 

❖ order formula:

<latexit sha1_base64="bftEUBIaEf/YnQs5ywU5dLKitbw="></latexit>

doma,1(x) = doma,2(x) ⌘ a(x)
<latexit sha1_base64="bRjefi3j3XVnwh2v0B3IPBxV9GU=">AAACG3icbZDLSgMxFIYzXmu9jbp0EyxCC6XMDEVdKBTcuKxgL9CWkknTNjRzITkjHYa+hxtfxY0LRVwJLnwb03YWtfWHwM93zuHk/G4ouALL+jHW1jc2t7YzO9ndvf2DQ/PouK6CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7qd1huPTCoe+A8Qh6zjkYHP+5wS0KhrOm1gY0gC2Zt0E7toT/LjYly4WaRO0Ukpzo+v40LXzFklaya8auzU5FCqatf8avcCGnnMByqIUi3bCqGTEAmcCjbJtiPFQkJHZMBa2vrEY6qTzG6b4HNNergfSP18wDO6OJEQT6nYc3WnR2ColmtT+F+tFUH/qpNwP4yA+XS+qB8JDAGeBoV7XDIKItaGUMn1XzEdEkko6DizOgR7+eRVU3dK9kWpfF/OVSppHBl0is5QHtnoElXQHaqiGqLoCb2gN/RuPBuvxofxOW9dM9KZE/RHxvcvExigIg==</latexit>

ord1,1(x, y) = ord2,2(x, y) = (x < y)
<latexit sha1_base64="bbONE0OZ8CRXIhYnZsGZZ58bP5k=">AAACCnicbVDLSgNBEJz1GeMr6tHLahAihLAbgnoRAl48RjAPSJYwO+kkQ2YfzPRKwrJnL/6KFw+KePULvPk3TpI9aGJBQ1HVTXeXGwqu0LK+jZXVtfWNzcxWdntnd28/d3DYUEEkGdRZIALZcqkCwX2oI0cBrVAC9VwBTXd0M/WbDyAVD/x7nITgeHTg8z5nFLXUzZ10EMYYB7KXdGO7WE4K4+Lk/Hquoowg6ebyVsmawVwmdkryJEWtm/vq9AIWeeAjE1Sptm2F6MRUImcCkmwnUhBSNqIDaGvqUw+UE89eScwzrfTMfiB1+WjO1N8TMfWUmniu7vQoDtWiNxX/89oR9q+cmPthhOCz+aJ+JEwMzGkuZo9LYCgmmlAmub7VZEMqKUOdXlaHYC++vEwa5ZJ9UarcVfLVahpHhhyTU1IgNrkkVXJLaqROGHkkz+SVvBlPxovxbnzMW1eMdOaI/IHx+QN4p5rE</latexit>

ord1,2(x, y) = true

[Engelfriet-Hoogeboom 2001]MSOT = 2DFT



Logic
NMSOT: non-deterministic monadic second-order transductions

Example: <latexit sha1_base64="6zS4+qA/89RUd8B5u5KjIDfvMIM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBRSmJFHUlBTcuK9gHNKFMppN06GQmzEwqJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733BAmjSjvOt1VYWV1b3yhulra2d3b37P2DlhKpxKSJBROyEyBFGOWkqalmpJNIguKAkXYwvJn67RGRigp+r8cJ8WMUcRpSjLSRevZR6lVG0GOCR5JGA42kFA9w5FVg2rPLTtWZAS4TNydlkKPRs7+8vsBpTLjGDCnVdZ1E+xmSmmJGJiUvVSRBeIgi0jWUo5goP5v9MIGnRunDUEhTXMOZ+nsiQ7FS4zgwnTHSA7XoTcX/vG6qwys/ozxJNeF4vihMGdQCTgOBfSoJ1mxsCMKSmlshHiCJsDaxlUwI7uLLy6R1XnUvqrW7Wrl+ncdRBMfgBJwBF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrQUrnzkEf2B9/gBR/ZdP</latexit>

u v �! v u relation  (not function) 

maps a structure into a (finite) set of structures

<latexit sha1_base64="awjolOZfKe10bjsyIUbmik15RGk="></latexit>

9X0 9X1(Partition(X0, X1) ^ 8x 2 X0, y 2 X1 : x < y)

❖ one copy 

❖  color input as 0* 1* 

❖ order formula: if both positions in same set, same order;  
else positions from X1 before positions of X0 

<latexit sha1_base64="mAbe917aXFCR5SshjKsMa4RI2mo="></latexit>

ord1,1(x, y) = (x 2 X1 ^ y 2 X0) _
_

i

(x 2 Xi ^ y 2 Xi ^ x < y)



Transducers with registers

SST: streaming string transducers

❖ one-way automata  + 
❖ finite number of registers:   output can be appended left 

or right, registers can be concatenated

[Alur-Cerny 2010]

Copyless = no register occurs twice in RHS

doubling

SST means copyless Copyful SST = HDT0L

<latexit sha1_base64="1M1J2USFHSAjZIAKhIoyaGTY9Es=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosePFYwX5Au5Zsmrah2WRJZrXL0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBZHgBlz328mtrW9sbuW3Czu7e/sHxcOjplGxpqxBlVC6HRDDBJesARwEa0eakTAQrBWMb2Z+65Fpw5W8hyRifkiGkg84JWClhy6wCaQqhml5kpz3iiW34s6BV4mXkRLKUO8Vv7p9ReOQSaCCGNPx3Aj8lGjgVLBpoRsbFhE6JkPWsVSSkBk/nV89xWdW6eOB0rYk4Ln6eyIloTFJGNjOkMDILHsz8T+vE8Pg2k+5jGJgki4WDWKBQeFZBLjPNaMgEksI1dzeiumIaELBBlWwIXjLL6+S5kXFu6xU76qlWjWLI49O0CkqIw9doRq6RXXUQBRp9Ixe0Zvz5Lw4787HojXnZDPH6A+czx/aEpK0</latexit>

out(xy)

<latexit sha1_base64="qMCJYXvVVv7Kn/5wy9cpp1x9OEE=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISKeqmUHDjsoJ9QBPKzWTaDp08mJlIQ+zCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HizmTyrK+jZXVtfWNzcJWcXtnd2/fPDhsySgRhDZJxCPR8UBSzkLaVExx2okFhcDjtO2NbqZ++4EKyaLwXqUxdQMYhKzPCCgt9cxjwE7AfDzGNTyGMnbKOK2l0DNLVsWaAS8TOycllKPRM78cPyJJQENFOEjZta1YuRkIxQink6KTSBoDGcGAdjUNIaDSzWb3T/CZVnzcj4SuUOGZ+nsig0DKNPB0ZwBqKBe9qfif101U/9rNWBgnioZkvqifcKwiPA0D+0xQoniqCRDB9K2YDEEAUTqyog7BXnx5mbQuKvZlpXpXLdWreRwFdIJO0Tmy0RWqo1vUQE1E0CN6Rq/ozXgyXox342PeumLkM0foD4zPH90RlAs=</latexit>

a | x = xa, y = ya
<latexit sha1_base64="S05HBeFq6vR5aqou2Bd8fFhW2G8=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISKeqmUHDjsoJ9QBPKZDJth85MwsxEGmIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89Qcyo0o7zba2srq1vbBa2its7u3v79sFhS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDP12w9EKhqJe53GxOdoIGifYqSN1LOPA+hxGsIxrMFxUIZeGaa1NOjZJafizACXiZuTEsjR6NlfXhjhhBOhMUNKdV0n1n6GpKaYkUnRSxSJER6hAekaKhAnys9m90/gmVFC2I+kKaHhTP09kSGuVMoD08mRHqpFbyr+53UT3b/2MyriRBOB54v6CYM6gtMwYEglwZqlhiAsqbkV4iGSCGsTWdGE4C6+vExaFxX3slK9q5bq1TyOAjgBp+AcuOAK1MEtaIAmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w/hu5QO</latexit>

b | x = xb, y = yb



Single-valued transducer: at most one output per input word

Word functions

2DFT = DSST = NSST  = MSOT

regular word functions
[Alur-Cerny 2010]

[Engelfriet-Hoogeboom 2001]

single-valued: functions
<latexit sha1_base64="g5AZ+B9ekAP2DNH+qIpx78Rdj+E=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBuigzUlTERdWNywr2Ae20ZNJMG5pJhiSjlKHgxl9x40IRt/6EO//GtJ2Fth64cDjnXu69x48YVdpxvq3MwuLS8kp2Nbe2vrG5ZW/v1JSIJSZVLJiQDR8pwignVU01I41IEhT6jNT9wfXYr98Tqajgd3oYES9EPU4DipE2UsfeC87hZbsAW0zwnqS9vkZSigd41S507LxTdCaA88RNSR6kqHTsr1ZX4DgkXGOGlGq6TqS9BElNMSOjXCtWJEJ4gHqkaShHIVFeMvlhBA+N0oWBkKa4hhP190SCQqWGoW86Q6T7atYbi/95zVgHZ15CeRRrwvF0URAzqAUcBwK7VBKs2dAQhCU1t0LcRxJhbWLLmRDc2ZfnSe246J4US7elfPkijSML9sEBOAIuOAVlcAMqoAoweATP4BW8WU/Wi/VufUxbM1Y6swv+wPr8ATMRlpo=</latexit>

f : A⇤ �! B⇤



 
 
 
 
 
 
 
              

 
 

1DFT 2DFT = DSST = MSOT

1NFT 2NFT

NSST = NMSOT

w ↦ Σ|w| w ↦ w*

u v ↦ v u

w ↦ w w

decidable equivalence
undecidable equivalence

a w ↦ w  a

Landscape of transducers

subsequential functions regular functions

rational functions



Overview

Word transductions 

automata  = logic

properties

class membership problems

expressions

Equivalence problem

origin equivalence

finitely-valued transductions



Properties

❖ Single-valued two-way and streaming transducers can be 
determinised.

❖ Non-deterministic one-way transducers, and deterministic two-
way/streaming transducers are closed under composition.

❖ Single-valuedness can be decided in NLOG for one-way 
transducers, and in PSPACE for streaming and two-way 
transducers.



Properties

❖ 1NFT:  Guess on-the fly 2 runs on same input, together with the output 
position where the two runs differ (resp. length difference). The output 
position is identified by a counter that maintains the difference of output 
lengths. Emptiness of counter automata is in NLOG.

❖ 2NFT: Same, but counter automaton is exponential, so complexity is 
PSPACE. Lower bound from intersection of finite automata.

❖ NSST: More or less the same (PSPACE upper bound, exponential in the 
number of registers). No lower bound.

Single-valuedness can be decided in NLOG for one-way 
transducers, and in PSPACE for streaming and two-way 
transducers.



Properties

Single-valued two-way and streaming transducers can be 
determinised.

❖ 2NFT: with regular look-around we can follow the minimal accepting run 
and do the outputs accordingly. Regular look-around can be implemented 
by using reversible automata.   See next slides.

❖ NSST: use subset construction and maintain a copy for each register/state 
pair. This leads to bounded-copy DSST, which are equivalent to DSST.

[Alur-Filiot-Trivedi 2012]

A 2DFA is reversible if it is co-deterministic: the current state 
+ previous letter determine the previous state.



Properties

Non-deterministic one-way transducers, and deterministic two-
way/streaming transducers are closed under composition.

❖ 1NFT: direct product  
❖ For 2DFT/DSST one can use closure under composition of MSO interpretations. 
❖ Direct proof for 2DFT uses reversible 2DFT (see next slides). 

A 2DFT is reversible if its automaton is reversible.



From DSST to 2DFT

❖ a one-way transducer T annotates the input by the accepting run of the DSST 
❖ a two-way transducer OUT builds the output from the annotated input 

?

Exp

DSST = 2DFT 

❖ if we can replace T by reversible T’:  just compose T’ with OUT



From DSST to 2DFT

❖ a one-way transducer T annotates the input by the accepting run of the DSST 
❖ 2DFT OUT can build the output from the annotated input (DFS on tree of updates)

?

DSST = 2DFT 

<latexit sha1_base64="1M1J2USFHSAjZIAKhIoyaGTY9Es=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosePFYwX5Au5Zsmrah2WRJZrXL0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBZHgBlz328mtrW9sbuW3Czu7e/sHxcOjplGxpqxBlVC6HRDDBJesARwEa0eakTAQrBWMb2Z+65Fpw5W8hyRifkiGkg84JWClhy6wCaQqhml5kpz3iiW34s6BV4mXkRLKUO8Vv7p9ReOQSaCCGNPx3Aj8lGjgVLBpoRsbFhE6JkPWsVSSkBk/nV89xWdW6eOB0rYk4Ln6eyIloTFJGNjOkMDILHsz8T+vE8Pg2k+5jGJgki4WDWKBQeFZBLjPNaMgEksI1dzeiumIaELBBlWwIXjLL6+S5kXFu6xU76qlWjWLI49O0CkqIw9doRq6RXXUQBRp9Ixe0Zvz5Lw4787HojXnZDPH6A+czx/aEpK0</latexit>

out(xy)

<latexit sha1_base64="qMCJYXvVVv7Kn/5wy9cpp1x9OEE=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISKeqmUHDjsoJ9QBPKzWTaDp08mJlIQ+zCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HizmTyrK+jZXVtfWNzcJWcXtnd2/fPDhsySgRhDZJxCPR8UBSzkLaVExx2okFhcDjtO2NbqZ++4EKyaLwXqUxdQMYhKzPCCgt9cxjwE7AfDzGNTyGMnbKOK2l0DNLVsWaAS8TOycllKPRM78cPyJJQENFOEjZta1YuRkIxQink6KTSBoDGcGAdjUNIaDSzWb3T/CZVnzcj4SuUOGZ+nsig0DKNPB0ZwBqKBe9qfif101U/9rNWBgnioZkvqifcKwiPA0D+0xQoniqCRDB9K2YDEEAUTqyog7BXnx5mbQuKvZlpXpXLdWreRwFdIJO0Tmy0RWqo1vUQE1E0CN6Rq/ozXgyXox342PeumLkM0foD4zPH90RlAs=</latexit>

a | x = xa, y = ya
<latexit sha1_base64="S05HBeFq6vR5aqou2Bd8fFhW2G8=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISKeqmUHDjsoJ9QBPKZDJth85MwsxEGmIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89Qcyo0o7zba2srq1vbBa2its7u3v79sFhS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDP12w9EKhqJe53GxOdoIGifYqSN1LOPA+hxGsIxrMFxUIZeGaa1NOjZJafizACXiZuTEsjR6NlfXhjhhBOhMUNKdV0n1n6GpKaYkUnRSxSJER6hAekaKhAnys9m90/gmVFC2I+kKaHhTP09kSGuVMoD08mRHqpFbyr+53UT3b/2MyriRBOB54v6CYM6gtMwYEglwZqlhiAsqbkV4iGSCGsTWdGE4C6+vExaFxX3slK9q5bq1TyOAjgBp+AcuOAK1MEtaIAmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w/hu5QO</latexit>

b | x = xb, y = yb

<latexit sha1_base64="XBwOFIZrl0wUz6RfvPo37QURZBM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilhx7yJ8ziFKf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5hdPyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTGs+ZlQSYpcscWiMJUEYzJ7nwyE5gzlxBLKtLC3EjaimjK0IZVsCN7yy6ukdVH1rqqXd5eVei2PowgncArn4ME11OEWGtAEBgqe4RXeHOO8OO/Ox6K14OQzx/AHzucPS5eRTg==</latexit>

out

<latexit sha1_base64="zrRAt3lkDBurcj3pI0P3+vsGM/M=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOYljPs=</latexit>x <latexit sha1_base64="FiwdHPFbHazOb6OCsMQjEUytRr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaOan3EZJwYlWy4aJYKYiMy/JkOukBmRWkKZ4vZWwiZUUWZsNiUbgrf68jppX1W9m+p187pSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH56mM/A==</latexit>y

<latexit sha1_base64="zrRAt3lkDBurcj3pI0P3+vsGM/M=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOYljPs=</latexit>x

<latexit sha1_base64="zrRAt3lkDBurcj3pI0P3+vsGM/M=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOYljPs=</latexit>x

<latexit sha1_base64="FiwdHPFbHazOb6OCsMQjEUytRr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaOan3EZJwYlWy4aJYKYiMy/JkOukBmRWkKZ4vZWwiZUUWZsNiUbgrf68jppX1W9m+p187pSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH56mM/A==</latexit>y

<latexit sha1_base64="zrRAt3lkDBurcj3pI0P3+vsGM/M=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOYljPs=</latexit>x <latexit sha1_base64="RFhIse+geX5fEOT0XBVaFnnjMlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XvpnrdvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBw0mM5A==</latexit>a

<latexit sha1_base64="WbjOqWGUu6YMogqMdBIn23mRkDg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxM2M5Q==</latexit>

b

<latexit sha1_base64="WbjOqWGUu6YMogqMdBIn23mRkDg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxM2M5Q==</latexit>

b
<latexit sha1_base64="WbjOqWGUu6YMogqMdBIn23mRkDg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxM2M5Q==</latexit>

b

<latexit sha1_base64="FiwdHPFbHazOb6OCsMQjEUytRr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaOan3EZJwYlWy4aJYKYiMy/JkOukBmRWkKZ4vZWwiZUUWZsNiUbgrf68jppX1W9m+p187pSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH56mM/A==</latexit>y

<latexit sha1_base64="WbjOqWGUu6YMogqMdBIn23mRkDg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxM2M5Q==</latexit>

b
<latexit sha1_base64="FiwdHPFbHazOb6OCsMQjEUytRr0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaOan3EZJwYlWy4aJYKYiMy/JkOukBmRWkKZ4vZWwiZUUWZsNiUbgrf68jppX1W9m+p187pSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH56mM/A==</latexit>y

<latexit sha1_base64="RFhIse+geX5fEOT0XBVaFnnjMlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XvpnrdvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBw0mM5A==</latexit>a
<latexit sha1_base64="BAkb9zb1gUjB6dVouA+IN7fUvWA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip28dEcxHLQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLeGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jwZcoXMiKkllClubyVsTBVlxkZUsiF4qy+vk/ZV1buu1u5rlUY9j6MIZ3AOl+DBDTTgDprQAgYCnuEV3pxH58V5dz6WrQUnnzmFP3A+fwBMvZAf</latexit>✏

<latexit sha1_base64="BAkb9zb1gUjB6dVouA+IN7fUvWA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip28dEcxHLQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLeGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jwZcoXMiKkllClubyVsTBVlxkZUsiF4qy+vk/ZV1buu1u5rlUY9j6MIZ3AOl+DBDTTgDprQAgYCnuEV3pxH58V5dz6WrQUnnzmFP3A+fwBMvZAf</latexit>✏
<latexit sha1_base64="RFhIse+geX5fEOT0XBVaFnnjMlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XvpnrdvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBw0mM5A==</latexit>a

<latexit sha1_base64="WbjOqWGUu6YMogqMdBIn23mRkDg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxM2M5Q==</latexit>

b

<latexit sha1_base64="WbjOqWGUu6YMogqMdBIn23mRkDg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDxM2M5Q==</latexit>

b

❖ if we can replace T by reversible T’:  just compose T’ with OUT



From DSST to 2DFT

Poly

Exp

DSST = 2DFT 

reversible = deterministic and co-deterministic

Deterministic one-way transducers can be simulated by reversible 
two-way transducers with quadratic blow-up.

[Dartois, Fournier, Jecker, Lhote 2017]

Cor: DSST can be simulated by 2DFT with polynomial blow-up.



Reversible computations
reversible: deterministic and co-deterministic

[Hopcroft-Ullman’67, Sipser’78]

DFS of computation tree of co-deterministic one-way automata
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Reversible computations
reversible: deterministic and co-deterministic

DFS of computation tree of co-deterministic one-way automata
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reversible



Reversible transducers
reversible: deterministic and co-deterministic

Computation tree of co-deterministic 
transducers

When to produce the output?

1

1 2

21

1

1 2

21

a a

b b

c

a a

b b

Double DFS “surrounding” accepting run

[Dartois, Fournier, Jecker, Lhote’17]

1DFT can be made reversible with 
quadratic blow-up



Reversible transducers
reversible: deterministic and co-deterministic

[Dartois, Fournier, Jecker, Lhote’17]

2DFT can be made reversible with exponential blow-up

From 2DFT T:

❖  build exp-size, co-deterministic “look-ahead” 1NFT LA    
❖  build exp-size 1DFT R  that outputs acc. run of T, using LA 
❖  make LA, R reversible, compose and project on output: 

input input + look-ahead input + look-ahead + 
acc. run of T

LA R



Reversible transducers
reversible: deterministic and co-deterministic

❖ 2DFT can be made reversible 
❖ reversible 2DFT can be composed easily

Open question: what about DSST? 


Composing DSST through (reversible) 2DFT is doubly-exponential.  
Any better construction? Lower bound?



Overview

Word transductions 

automata  = logic

properties

class membership problems

Equivalence problem

origin equivalence

expressions

finitely-valued transductions



Rational expressions

One-way (rational) word functions are equivalent to simple 

expressions f, g ::= (u, v) | f + g | f · g | f⇤
<latexit sha1_base64="Cuz2JFi2hca9+M+tVCIp4+5vQdc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoWkpSBaUoFNy4rGAf0MQymUzSoZMHM5NCCf0LN/6KGxeKuNWdf+O0jaDVAwPnnnMvd+5xYkaFNIxPLbewuLS8kl8trK1vbG7p2zstESUckyaOWMQ7DhKE0ZA0JZWMdGJOUOAw0nYGVxO/PSRc0Ci8laOY2AHyQ+pRjKSSenrFK/uwVruEpaQ8PIRWQF3oHfsZgRZ2Iwm/y7ujnl40KsYU8C8xM1IEGRo9/cNyI5wEJJSYISG6phFLO0VcUszIuGAlgsQID5BPuoqGKCDCTqd3jeGBUtTaiKsXSjhVf06kKBBiFDiqM0CyL+a9ifif102kd26nNIwTSUI8W+QlDMoITkKCLuUESzZSBGFO1V8h7iOOsFRRFlQI5vzJf0mrWjFPKtWb02L9IosjD/bAPigBE5yBOrgGDdAEGNyDR/AMXrQH7Ul71d5mrTktm9kFv6C9fwFECpxC</latexit>

(all rational operations are unambiguous)

0 |  1
1 | 00 | 0

1 | 1

| 1
<latexit sha1_base64="vAG+zbNzwwBTiQipDvflDVkfmck=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAdklzA720mGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KU86M9f1vr7SxubW9U96t7O0fHB5Vj086RmWaQpsqrnQvJgY4k9C2zHLopRqIiDl048nd3O8+gTZMyUc7TSESZCTZkFFinRSGgiUhpIZxJQfVml/3F8DrJChIDRVoDapfYaJoJkBayokx/cBPbZQTbRnlMKuEmYGU0AkZQd9RSQSYKF/cPMMXTknwUGlX0uKF+nsiJ8KYqYhdpyB2bFa9ufif18/ssBHlTKaZBUmXi4YZx1bheQA4YRqo5VNHCNXM3YrpmGhCrYup4kIIVl9eJ52renBTv364rjUbRRxldIbO0SUK0C1qonvUQm1EUYqe0St68zLvxXv3PpatJa+YOUV/4H3+AFcdkd0=</latexit>

| ✏

<latexit sha1_base64="vAG+zbNzwwBTiQipDvflDVkfmck=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmAdklzA720mGzGOZmRXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KU86M9f1vr7SxubW9U96t7O0fHB5Vj086RmWaQpsqrnQvJgY4k9C2zHLopRqIiDl048nd3O8+gTZMyUc7TSESZCTZkFFinRSGgiUhpIZxJQfVml/3F8DrJChIDRVoDapfYaJoJkBayokx/cBPbZQTbRnlMKuEmYGU0AkZQd9RSQSYKF/cPMMXTknwUGlX0uKF+nsiJ8KYqYhdpyB2bFa9ufif18/ssBHlTKaZBUmXi4YZx1bheQA4YRqo5VNHCNXM3YrpmGhCrYup4kIIVl9eJ52renBTv364rjUbRRxldIbO0SUK0C1qonvUQm1EUYqe0St68zLvxXv3PpatJa+YOUV/4H3+AFcdkd0=</latexit>

| ✏

Example (increment):

<latexit sha1_base64="6Lq4FZd+9KNFGmuShEo/NxMUvx8=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AflBkRdaFQcONSwarQqSWT3mpoJhmSO2IZ+jVu/BU3Lioi7vwU0zqCrwMXTs65l9x7okQKi77/5o2Mjo1PTE5NF2Zm5+YXiotL51anhkONa6nNZcQsSKGghgIlXCYGWBxJuIg6RwP/4haMFVqdYTeBRsyulWgLztBJzeJhiHCHGddJt0dD3tJIy/5WsE6/HsGWv361QTdpOYTECqnVwM3lZrHkV/wh6F8S5KREcpw0i/2wpXkag0IumbX1wE+wkTGDgkvoFcLUQsJ4h11D3VHFYrCNbHhmj645pUXb2rhSSIfq94mMxdZ248h1xgxv7G9vIP7n1VNs7zcyoZIUQfHPj9qppKjpIDPaEgY4yq4jjBvhdqX8hhnG0SVbcCEEv0/+S863K8FuZed0p1Q9yOOYIitklZRJQPZIlRyTE1IjnNyTR9Inz96D9+S9eK+frSNePrNMfsB7/wCNJKDJ</latexit>

copy · (0, 1) · (1, 0)⇤ + (✏, 1)(1, 0)⇤



Regular expressions

[Gastin’19, Dave, Gastin, Krishna’18, Alur et al.’14]

(all rational operations are unambiguous)

Regular word functions are equivalent to expressions 

<latexit sha1_base64="n2BK6T23Z5F5Zw5eKg8ZcvHESno="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | reverse | f � g | f � g

<latexit sha1_base64="Xr3vutihPFUiwMKq4q7/ktqbAMU="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | reverse | duplicate | f � g

<latexit sha1_base64="r/onfuL2qPNojADygzERaxiZs/g=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzUtSFQsGNywr2Ae1QMpnMNDSTDElGKaW48VfcuFDErV/hzr8x085CWw8k93DOvST3+AmjSjvOt1VYWl5ZXSuulzY2t7Z37N29lhKpxKSJBROy4yNFGOWkqalmpJNIgmKfkbY/vM789j2Rigp+p0cJ8WIUcRpSjLSR+vZBCHsiEBpGsPJwAq9gmJXIXH277FSdKeAicXNSBjkaffurFwicxoRrzJBSXddJtDdGUlPMyKTUSxVJEB6iiHQN5SgmyhtPV5jAY6MEMBTSHK7hVP09MUaxUqPYN50x0gM172Xif1431eGFN6Y8STXhePZQmDKoBczygAGVBGs2MgRhSc1fIR4gibA2qZVMCO78youkdVp1z6q121q5fpnHUQSH4AhUgAvOQR3cgAZoAgwewTN4BW/Wk/VivVsfs9aClc/sgz+wPn8AGc2UqQ==</latexit>

f � g(w) = f(w)g(w) Hadamard product

composition
<latexit sha1_base64="yVVSX32LYFNJ6WD1PB7bv+mDp6s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5gG8pmu2mXbjZhdyKU0n/hxYMiXv033vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJv57SeujYjVA04S7kd0qEQoGEUrPYakx4RmZFjqlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6U6pRMMlnpV5qeELZmA5511JFI2786fziGTmzyoCEsbalkMzV3xNTGhkziQLbGVEcmWUvE//zuimG1/5UqCRFrthiUZhKgjHJ3icDoTlDObGEMi3srYSNqKYMbUhZCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHOBqP9w==</latexit>

f � g



Regular expressions

Regular word functions are equivalent to expressions 
<latexit sha1_base64="n2BK6T23Z5F5Zw5eKg8ZcvHESno="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | reverse | f � g | f � g

<latexit sha1_base64="JNmx2lhlCwzu0x8WseOH+aH1zEY="></latexit>

feven = erase ((copy (#, ✏) erase (#, ✏))⇤ copy

<latexit sha1_base64="4EHPnBqpSeTRL6gmmzOmSEVt1+0="></latexit>

fodd = ((copy (#, ✏) erase (#, ✏))⇤

<latexit sha1_base64="8wOtf+KTFtLi5OoPHAK5Dpf9RC8=">AAACHHicbVDLSsQwFE19O75GXboJFkFBhlZFXbgQ3LhUcFSYDkOa3mowTUpyKw5lPsSNv+LGhSJuXAj+jZmxiK8DgZNzziW5J86lsBgE797Q8Mjo2PjEZG1qemZ2rj6/cGp1YTg0uZbanMfMghQKmihQwnlugGWxhLP46qDvn12DsUKrE+zm0M7YhRKp4Ayd1Klvpp0yQrjBUidJr0cjnWikq5G/Hvlr1e0rAtegXKZT94NGMAD9S8KK+KTCUaf+GiWaFxko5JJZ2wqDHNslMyi4hF4tKizkjF+xC2g5qlgGtl0OluvRFackNNXGHYV0oH6fKFlmbTeLXTJjeGl/e33xP69VYLrbLoXKCwTFPx9KC0lR035TNBEGOMquI4wb4f5K+SUzjKPrs+ZKCH+v/JecbjTC7cbW8Za/v1fVMUGWyDJZJSHZIfvkkByRJuHkltyTR/Lk3XkP3rP38hkd8qqZRfID3tsHSS2hfA==</latexit>

fodd � (#,#)� feven

<latexit sha1_base64="HWBfSwiBaCK7PXDXyRJyNnZneLg=">AAACKnicbVC7TsMwFHXKq5RXgJHFIkJiqpJSAQNDEQtjkehDaqPIcd3WquNEfiBVUb+HhV9h6QCqWPkQnDQDtFzJ8rnnnCv7njBhVCrXXViljc2t7Z3ybmVv/+DwyD4+actYC0xaOGax6IZIEkY5aSmqGOkmgqAoZKQTTh4yvfNChKQxf1bThPgRGnE6pBgpQwX2vQ482HegDmrZ1R/ESppmkjcRSqSKYWbRwVUhFmYd1JdEYDtu1c0LrgOvAA4oqhnYczOHdUS4wgxJ2fPcRPkpEopiRmaVvpYkQXiCRqRnIEcRkX6arzqDF4YZwGEszOEK5uzviRRFUk6j0DgjpMZyVcvI/7SeVsNbP6U80YpwvHxoqBk0+2e5wQEVBCs2NQBhQc1fIR4jgbAy6VZMCN7qyuugXat619X6U91p3BVxlMEZOAeXwAM3oAEeQRO0AAav4B18gE/rzZpbC+traS1Zxcwp+FPW9w8/WaOK</latexit>

u1#u2# . . . uk# 7! u1u3 . . .#u2u4 . . .Example 



2DFT = regular expressions
<latexit sha1_base64="n2BK6T23Z5F5Zw5eKg8ZcvHESno="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | reverse | f � g | f � g

From 2DFT to expressions: use algebra [Dave, Gastin, Krishna’18]

Transition monoid of 2DFT associates a word (input factor) with set of triples
<latexit sha1_base64="kjZKG4aEePORGGiRiNL/sACwPn8="></latexit>

(p,D, q) D 2 {!, ,y,x}

<latexit sha1_base64="u0587RSSJEeAPWXa5eefM40gV30=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPCSG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDl1Yz+</latexit>w<latexit sha1_base64="u0587RSSJEeAPWXa5eefM40gV30=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPCSG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDl1Yz+</latexit>w

<latexit sha1_base64="psS00wl44QvQK3lGR3HVvF6B2lQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT14KHjxWMF+QBvKZrtpl242cXejltC/4sWDIl79I978N27bHLT1wcDjvRlm5vkxZ0o7zre1srq2vrGZ28pv7+zu7dsHhaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NH11G89UKlYJO70OKZeiAeCBYxgbaSeXSjFZdSVbDDUWMrosXx/2rOLTsWZAS0TNyNFyFDv2V/dfkSSkApNOFaq4zqx9lIsNSOcTvLdRNEYkxEe0I6hAodUeens9gk6MUofBZE0JTSaqb8nUhwqNQ590xliPVSL3lT8z+skOrj0UibiRFNB5ouChCMdoWkQqM8kJZqPDcFEMnMrIkMsMdEmrrwJwV18eZk0zyrueaV6Wy3WrrI4cnAEx1ACFy6gBjdQhwYQeIJneIU3a2K9WO/Wx7x1xcpmDuEPrM8f4XeTsQ==</latexit>

(p,!, q)

<latexit sha1_base64="aOXus9O9nWqhIpHlLBhbpsBLpT0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2kX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSfui6l1Wa81apX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH9s5jPc=</latexit>p

<latexit sha1_base64="+pG4hdTGmiEMxudg1kBeIHXHhc0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29c3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7YK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDcvYz4</latexit>q

<latexit sha1_base64="u0587RSSJEeAPWXa5eefM40gV30=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPCSG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDl1Yz+</latexit>w<latexit sha1_base64="u0587RSSJEeAPWXa5eefM40gV30=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPCSG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDl1Yz+</latexit>w
<latexit sha1_base64="aOXus9O9nWqhIpHlLBhbpsBLpT0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2kX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSfui6l1Wa81apX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH9s5jPc=</latexit>p

<latexit sha1_base64="+pG4hdTGmiEMxudg1kBeIHXHhc0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29c3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7YK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDcvYz4</latexit>q

<latexit sha1_base64="QXxl/Gd3WakPJlKene3jY/Gqx/8=">AAACAnicbVA9SwNBEN3zM8avUyuxWQxChBDuJKiFRcDGMoL5gOQIe5tNsmRv79ydi4Qj2PhXbCwUsfVX2Plv3CRXaOKDgcd7M8zM8yPBNTjOt7W0vLK6tp7ZyG5ube/s2nv7NR3GirIqDUWoGj7RTHDJqsBBsEakGAl8wer+4Hri14dMaR7KOxhFzAtIT/IupwSM1LYP81EBt2ishowoFT4o3utDAd+f4radc4rOFHiRuCnJoRSVtv3V6oQ0DpgEKojWTdeJwEuIAk4FG2dbsWYRoQPSY01DJQmY9pLpC2N8YpQO7obKlAQ8VX9PJCTQehT4pjMg0Nfz3kT8z2vG0L30Ei6jGJiks0XdWGAI8SQP3OGKURAjQwhV3NyKaZ8oQsGkljUhuPMvL5LaWdE9L5ZuS7nyVRpHBh2hY5RHLrpAZXSDKqiKKHpEz+gVvVlP1ov1bn3MWpesdOYA/YH1+QO+WJZc</latexit>

(p,y, q)



2DFT = regular expressions
<latexit sha1_base64="n2BK6T23Z5F5Zw5eKg8ZcvHESno="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | reverse | f � g | f � g

Transition monoid of 2DFT associates a word (input factor) with set of triples
<latexit sha1_base64="kjZKG4aEePORGGiRiNL/sACwPn8="></latexit>

(p,D, q) D 2 {!, ,y,x}

<latexit sha1_base64="MxKD2upJIPsZ9K4eOQrssqXN5mw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs20X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSfui6l1Wa81apX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH+LNjPw=</latexit>u <latexit sha1_base64="ZGsxcvIkuMgm/4QUVw405xUtQAo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3cvEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSVPHqWLYYLGIVTugGgWX2DDcCGwnCmkUCGwFo/u53xqj0jyWj2aSoB/RgeQhZ9RYqT7uFUtu2V2ArBMvIyXIUOsVv7r9mKURSsME1brjuYnxp1QZzgTOCt1UY0LZiA6wY6mkEWp/ujh0Ri6s0idhrGxJQxbq74kpjbSeRIHtjKgZ6lVvLv7ndVIT3vpTLpPUoGTLRWEqiInJ/GvS5wqZERNLKFPc3krYkCrKjM2mYEPwVl9eJ82rsnddrtQrpepdFkcezuAcLsGDG6jCA9SgAQwQnuEV3pwn58V5dz6WrTknmzmFP3A+fwDkUYz9</latexit>v Simon’s forest factorisation 
theorem (unambiguous version)

<latexit sha1_base64="kPAbg+dwsdK8h7GmXNbwldRe2Yw=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoj0WvHisaGuhXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoWNza3tneJuaW//4PCofHzSMXGqKWvTWMS6GxLDBFesbbkVrJtoRmQo2GM4uZn7j09MGx6rBztNWCDJSPGIU2KddC8HtUG54lW9BfA68XNSgRytQfmrP4xpKpmyVBBjer6X2CAj2nIq2KzUTw1LCJ2QEes5qohkJsgWp87whVOGOIq1K2XxQv09kRFpzFSGrlMSOzar3lz8z+ulNmoEGVdJapmiy0VRKrCN8fxvPOSaUSumjhCqubsV0zHRhFqXTsmF4K++vE46tap/Va3f1SvNRh5HEc7gHC7Bh2towi20oA0URvAMr/CGBHpB7+hj2VpA+cwp/AH6/AH8T42V</latexit>m2

<latexit sha1_base64="OG91mP62lW4yCydMtsRVHNhzecM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3U71uXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyVmM6A==</latexit>e
<latexit sha1_base64="OG91mP62lW4yCydMtsRVHNhzecM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3U71uXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyVmM6A==</latexit>e <latexit sha1_base64="OG91mP62lW4yCydMtsRVHNhzecM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3U71uXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyVmM6A==</latexit>e <latexit sha1_base64="OG91mP62lW4yCydMtsRVHNhzecM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3U71uXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyVmM6A==</latexit>e

<latexit sha1_base64="E8CW5c9hbNCO4+ER02AyurAKZtI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KUot0IBTcuK9hWaEOYTCbt0HmEmYlQQ7/EjQtF3Pop7vwbp20W2nrgwuGce7n3nihlVBvP+3ZKG5tb2zvl3cre/sFh1T067mmZKUy6WDKpHiKkCaOCdA01jDykiiAeMdKPJjdzv/9IlKZS3JtpSgKORoImFCNjpdCt8tC/JnCIY2kgDxuhW/Pq3gJwnfgFqYECndD9GsYSZ5wIgxnSeuB7qQlypAzFjMwqw0yTFOEJGpGBpQJxooN8cfgMnlslholUtoSBC/X3RI641lMe2U6OzFivenPxP2+QmaQV5FSkmSECLxclGYNGwnkKMKaKYMOmliCsqL0V4jFSCBubVcWG4K++vE56jbp/WW/eNWvtVhFHGZyCM3ABfHAF2uAWdEAXYJCBZ/AK3pwn58V5dz6WrSWnmDkBf+B8/gA4EZIj</latexit>m1 = e ·m2

<latexit sha1_base64="uYHK3SOUpeBFnO7FANlvhRjEIo0=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjNStBuh4MZlBfuAdiyZzJ02NJMMSUYpQ//DjQtF3Pov7vwb03YW2nrgcg/n3EtuTpBwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpugHRwJmAlmGGQzdRQOKAQycY38z8ziMozaS4N5ME/JgMBYsYJcZKD4CvMeA+DaWxfVCuuFV3DrxKvJxUUI7moPzVDyVNYxCGcqJ1z3MT42dEGUY5TEv9VENC6JgMoWepIDFoP5tfPcVnVglxJJUtYfBc/b2RkVjrSRzYyZiYkV72ZuJ/Xi81Ud3PmEhSA4IuHopSjo3EswhwyBRQwyeWEKqYvRXTEVGEGhtUyYbgLX95lbQvqt5ltXZXqzTqeRxFdIJO0Tny0BVqoFvURC1EkULP6BW9OU/Oi/PufCxGC06+c4z+wPn8AVXJkRc=</latexit>e = e · e
<latexit sha1_base64="H6y10IXzg2tifdTGxrTSlxK3jxk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MWbFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+6r3uWwXHFr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni1vn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQlv/JTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TzlXNa9TqD/VKs57HUYQzOIcqeHANTbiDFrSBwASe4RXeHOG8OO/Ox7K14OQzp/AHzucP3ASNbg==</latexit>

O(1)



Beyond linear growth

Copyful SST: exponential output growth 

<latexit sha1_base64="+cfL7x1RHXFlFjnW3MxwZE5kIA4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosePFYwX5Au5Rsmm1Ds8mazJaWpb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LBDbjut5Pb2Nza3snvFvb2Dw6PiscnTaMSTVmDKqF0OyCGCS5ZAzgI1o41I1EgWCsY3c391phpw5V8hGnM/IgMJA85JWAlvwtsAqlKYFaeXPaKJbfiLoDXiZeREspQ7xW/un1Fk4hJoIIY0/HcGPyUaOBUsFmhmxgWEzoiA9axVJKIGT9dHD3DF1bp41BpWxLwQv09kZLImGkU2M6IwNCsenPxP6+TQHjrp1zGCTBJl4vCRGBQeJ4A7nPNKIipJYRqbm/FdEg0oWBzKtgQvNWX10nzquJdV6oP1VKtmsWRR2foHJWRh25QDd2jOmogip7QM3pFb87YeXHenY9la87JZk7RHzifP/gZkjE=</latexit>

out(x)

<latexit sha1_base64="nzmLH41o99KOUwqy2g1GS61D09w=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRS1I1QcOOygn1AG8rNZNIOnUzCzERbYj/FjQtF3Pol7vwbp20W2nrgXg7n3MvcOX7CmdKO820V1tY3NreK26Wd3b39A7t82FJxKgltkpjHsuODopwJ2tRMc9pJJIXI57Ttj25mfvuBSsVica8nCfUiGAgWMgLaSH27DLgXsQCP8TUG08e4b1ecqjMHXiVuTiooR6Nvf/WCmKQRFZpwUKrrOon2MpCaEU6npV6qaAJkBAPaNVRARJWXzU+f4lOjBDiMpSmh8Vz9vZFBpNQk8s1kBHqolr2Z+J/XTXV45WVMJKmmgiweClOOdYxnOeCASUo0nxgCRDJzKyZDkEC0SatkQnCXv7xKWudV96Jau6tV6rU8jiI6RifoDLnoEtXRLWqgJiLoET2jV/RmPVkv1rv1sRgtWPnOEfoD6/MHft+SLQ==</latexit>

a | x = axx

Copyful DSST and HDT0L are equivalent.

HDT0L (Lindenmayer systems, ’70) 
❖ input alphabet A, output alphabet B, working alphabet C 
❖ initial word       from C* 
❖ family of morphisms               and final morphism 

<latexit sha1_base64="yaGXe7Uy9HsCX3KVJ/0W4qLaCcM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZREinrwUPHisYL9gCaEyXbbLt1swu5GLKF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAsTzpR2nG+rsLa+sblV3C7t7O7tH9iH5baKU0loi8Q8lt0QFOVM0JZmmtNuIilEIaedcHw78zuPVCoWiwc9SagfwVCwASOgjRTY5aqXjFgAZ0EG2GMC30wDu+LUnDnwKnFzUkE5moH95fVjkkZUaMJBqZ7rJNrPQGpGOJ2WvFTRBMgYhrRnqICIKj+b3z7Fp0bp40EsTQmN5+rviQwipSZRaDoj0CO17M3E/7xeqgdXfsZEkmoqyGLRIOVYx3gWBO4zSYnmE0OASGZuxWQEEog2cZVMCO7yy6ukfV5zL2r1+3qlcZ3HUUTH6ARVkYsuUQPdoSZqIYKe0DN6RW/W1Hqx3q2PRWvBymeO0B9Ynz+R4pN8</latexit>

(�a)a2A
<latexit sha1_base64="qiA48d6m0ZQkk4QiUI0uVoY29/U=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgXZQZKSriotiNywr2AZ1pyaSZaWgmGZKMUkpXbvwVNy4Uces3uPNvTB8LbT1w4XDOvdx7T5AwqrTjfFuZpeWV1bXsem5jc2t7x97dqyuRSkxqWDAhmwFShFFOappqRpqJJCgOGGkE/crYb9wTqajgd3qQED9GEachxUgbqWMfeomil7DSLkCPCR5JGvU0klI8wOt2oWPnnaIzAVwk7ozkwQzVjv3ldQVOY8I1Zkiplusk2h8iqSlmZJTzUkUShPsoIi1DOYqJ8oeTN0bw2ChdGAppims4UX9PDFGs1CAOTGeMdE/Ne2PxP6+V6vDCH1KepJpwPF0UpgxqAceZwC6VBGs2MARhSc2tEPeQRFib5HImBHf+5UVSPy26Z8XSbSlfvprFkQUH4AicABecgzK4AVVQAxg8gmfwCt6sJ+vFerc+pq0ZazazD/7A+vwBr+mX/A==</latexit>

 : C⇤ �! B⇤

<latexit sha1_base64="CM2oFkteisfQMOK1lKGUMV1gKeY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD2nf7ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8HVI2h</latexit>u0

<latexit sha1_base64="w8hZk0beByIDF8T0No2153YJ+Wg=">AAAB+nicbVDLSgNBEOyNrxhfiR69DAbBU9iVoB4UAl48RjAPSJYwO5lNhsw+mOk1hDWf4sWDIl79Em/+jZNkD5pYMFBUddE95cVSaLTtbyu3tr6xuZXfLuzs7u0fFEuHTR0livEGi2Sk2h7VXIqQN1Cg5O1YcRp4kre80e3Mbz1ypUUUPuAk5m5AB6HwBaNopF6xNCY3hPYc0u1HqA0zWtmu2HOQVeJkpAwZ6r3il8myJOAhMkm17jh2jG5KFQom+bTQTTSPKRvRAe8YGtKAazednz4lp0bpEz9S5oVI5urvREoDrSeBZyYDikO97M3E/7xOgv6Vm4owTpCHbLHITyTBiMx6IH2hOEM5MYQyJcythA2pogxNWwVTgrP85VXSPK84F5XqfbVcu87qyMMxnMAZOHAJNbiDOjSAwRie4RXerCfrxXq3PhajOSvLHMEfWJ8/VB2SwQ==</latexit>w = a1 . . . an maps to 
<latexit sha1_base64="/QrvCYglfI1atPHVgQA3lMjASco=">AAACIHicbVDLSgMxFM34rPU16tJNsAh1U2akWBcuCm5cVrAP6AxDJs20oZlMSDJCGeZT3Pgrblwoojv9GtN2BG09cOFwzr3JvScUjCrtOJ/Wyura+sZmaau8vbO7t28fHHZUkkpM2jhhieyFSBFGOWlrqhnpCUlQHDLSDcfXU797T6SiCb/TE0H8GA05jShG2kiB3fCEotDDVGLoiRENMhTw/EcYJFotmG5eTQPnLLArTs2ZAS4TtyAVUKAV2B/mNZzGhGvMkFJ91xHaz5DUFDOSl71UEYHwGA1J31COYqL8bHZgDk+NMoBRIk1xDWfq74kMxUpN4tB0xkiP1KI3Ff/z+qmOLv2McpFqwvH8oyhlUCdwmhYcUEmwZhNDEJbU7ArxCEmEtcm0bEJwF09eJp3zmntRq9/WK82rIo4SOAYnoApc0ABNcANaoA0weABP4AW8Wo/Ws/Vmvc9bV6xi5gj8gfX1DbBSoqU=</latexit>

 � �an � · · · � �a1(u0)



Beyond linear growth

Polyregular word functions                                 [Bojanczyk’18] 

Smallest class of word functions that  
❖ is closed under composition 
❖ contains the regular functions 
❖ contains the squaring function

squaring    abcd           abcd abcd abcd abcd

Polyregular: polynomial output growth 



Beyond linear growth

Polyregular word functions:        
❖ smallest class of functions containing regular word 

functions, closed under composition, and containing 
squaring 

❖ two-way deterministic transducers with pebbles (nested) 
❖ for-transducers, polynomial list functions 
❖ MSO interpretations

[Bojanczyk, Kiefer, Lhote’19] [Bojanczyk, Daviaud, Krishna’18] 



Polynomial growth

2DFT with 2 nested pebbles:

Square    abcd           abcd abcd abcd abcd

Prefixes     abcd           a ab abc abcdExample 

abcd    abcd #    abcd # abcd # abcd # abcd # abcd # 
square

Two nested loops: first pebble moves left-to-right over the input; 
second pebble copies content between left border and first pebble

copy_
         # a        # ab     # abc   # abcd

erase
            a           ab        abc      abcd



Polynomial growth
Squaring    abcd           abcd abcd abcd abcd

Prefixes     abcd           a ab abc abcdExample 

MSO interpretation: every output position is encoded by two 
input positions: 

<latexit sha1_base64="G5aviKXmf18kXpE8aSfsDByui7I=">AAACEXicbVDLSgNBEJz1bXxFPXoZDMIGJOyKqAeFgBePEUwiZEOYne3EwdkHM72aZckvePFXvHhQxKs3b/6Nk8dBowUNRVU33V1+IoVGx/myZmbn5hcWl5YLK6tr6xvFza2GjlPFoc5jGatrn2mQIoI6CpRwnShgoS+h6d+eD/3mHSgt4ugKswTaIetFois4QyN1iraH0Mc8iMNBh9n9/axMz+yMehJov0y9ewh6QJmdlTvFklNxRqB/iTshJTJBrVP89IKYpyFEyCXTuuU6CbZzplBwCYOCl2pIGL9lPWgZGrEQdDsffTSge0YJaDdWpiKkI/XnRM5CrbPQN50hwxs97Q3F/7xWit2Tdi6iJEWI+HhRN5UUYzqMhwZCAUeZGcK4EuZWym+YYhxNiAUTgjv98l/SOKi4R5XDy8NS9XQSxxLZIbvEJi45JlVyQWqkTjh5IE/khbxaj9az9Wa9j1tnrMnMNvkF6+MbuAebpA==</latexit>

doma(x, y) = (y  x) ^ a(y)

<latexit sha1_base64="qpd7KookBy8YzTE+Kfv9NsROVK8="></latexit>

ord(x, y, x0, y0) = (x < x0) _ (x = x0 ^ y < y0)



Polyregular functions are strictly weaker than copyful DSST:      

k-layered DSST 
❖ registers partitioned in k layers  
❖ updates of registers from Rj use only registers from R1,…, Rj 
❖ updates of registers from Rj are copyless on Rj

A copyful DSST computes a polyregular word function  if and only if  it 
has polynomial output growth. [Douéneau-Tabot et al.’19] 

k-layered DSST compute exactly the polyregular functions with output 
growth  [Douéneau-Tabot et al.’19] 

<latexit sha1_base64="oPakJ45qOXbKGWmQwzuB36lB13g=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUhLIrRT14KHjxZgX7ge1asmm2DU2yS5IVytJ/4cWDIl79N978N6btHrT1wcDjvRlm5gUxZ9q47reztLyyurae28hvbm3v7Bb29hs6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPrid98okqzSN6bUUx9gfuShYxgY6WH25J8TIen3vikWyi6ZXcKtEi8jBQhQ61b+Or0IpIIKg3hWOu258bGT7EyjHA6zncSTWNMhrhP25ZKLKj20+nFY3RslR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8j7qMUWJ4SNLMFHM3orIACtMjA0pb0Pw5l9eJI2zsndertxVitWrLI4cHMIRlMCDC6jCDdSgDgQkPMMrvDnaeXHenY9Z65KTzRzAHzifP1n7kAw=</latexit>

O(nk+1)



Polynomial growth

Comparison-free polyregular functions: smallest class containing 
regular word functions and closed under composition-by-substitution. 

Equivalently: functions computed by comparison-free pebble 
transducers. They also form the smallest class containing regular 
word functions and cf-squaring: 

               abcd      a abcd b abcd c abcd d abcd  

[Nguyen, Pradic’21]Composition-by-substitution 

<latexit sha1_base64="QDUn2Ts04gZGLWp+7ZCXBmOrCTk=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgKcKuBBWxiKSxjGAekGzC7GQ2GTI7s8zMKmFJYeOv2FgoYutH2Pk3TpItNPHAhcM593LvPX7EqNKO821lVlbX1jeym7mt7Z3dPXv/oKFELDGpY8GEbPlIEUY5qWuqGWlFkqDQZ6Tpj6pTv3lPpKKC3+lxRLwQDTgNKEbaSD07H8BLeN0twg4TfCDpYKiRlOIBVrvFnl1wSs4McJm4KSmAFLWe/dXpCxyHhGvMkFJt14m0lyCpKWZkkuvEikQIj9CAtA3lKCTKS2ZPTOCxUfowENIU13Cm/p5IUKjUOPRNZ4j0UC16U/E/rx3r4MJLKI9iTTieLwpiBrWA00Rgn0qCNRsbgrCk5laIh0girE1uOROCu/jyMmmcltyzUvm2XKhcpXFkQR4cgRPggnNQATegBuoAg0fwDF7Bm/VkvVjv1se8NWOlM4fgD6zPH43SlsU=</latexit>

f : A⇤ �! C⇤

<latexit sha1_base64="UQNR297DpDOER26OCPf7G/3edFM="></latexit>

CbS(f, (gc)c) : w 7! gc1(w) . . . gcm(w)
<latexit sha1_base64="eQnay7FYXHQiNVb4ay3CfLhONho=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRS1IVCwY3LCvYBbQiT6aQdOpmEmRu1hP6KGxeKuPVH3Pk3TtsstPXAwOGce7h3TpAIrsFxvq2V1bX1jc3CVnF7Z3dv3z4otXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5up335gSvNY3sM4YV5EBpKHnBIwkm+Xwsrj6TX1Xdzrx6Ax9SPfLjtVZwa8TNyclFGOhm9/mSxNIyaBCqJ113US8DKigFPBJsVeqllC6IgMWNdQSSKmvWx2+wSfGKWPw1iZJwHP1N+JjERaj6PATEYEhnrRm4r/ed0Uwksv4zJJgUk6XxSmAkOMp0XgPleMghgbQqji5lZMh0QRCqauoinBXfzyMmmdVd3zau2uVq5f5XUU0BE6RhXkogtUR7eogZqIoif0jF7RmzWxXqx362M+umLlmUP0B9bnDzmjk0U=</latexit>

f(w) = c1 . . . cm

<latexit sha1_base64="eaEgJn5V7rJiaSijhAL2OQXyKdc="></latexit>

(gc)c2C , gc : A
⇤ �! B⇤



Overview

Word transductions 

automata  = logic

properties

class membership problems

Equivalence problem

origin equivalence

expressions

finitely-valued transductions



Word functions

sequential word functions: 1DFT (one-way, deterministic)

rational word functions: 1NFT (one-way, non-deterministic)

regular word functions: 2DFT = 2NFT = DSST = NSST = MSOT

[Filiot, Gauwin, Reynier, Servais  2013]
[Choffrut 1977]



Sequential functions
sequential word functions: 1DFT

rational word functions: 1NFT 

NL

[Choffrut’77, Béal-Carton’02]

A single-valued 1NFT can be 
determinised if and only if  it satisfies 
the twinning property. 

<latexit sha1_base64="QkXTgOTLjlgmMVglEuoOwhIrmN4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9pQ9lsNu3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vSeqNIvlg5kl1Bd4LFnECDZWesRoKFiIAjKq1ty6uwBaJ15BalCgPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpRILqv1scfAcXVglRFGsbEmDFurviQwLrWcisJ0Cm4le9XLxP2+QmqjpZ0wmqaGSLBdFKUcmRvn3KGSKEsNnlmCimL0VkQlWmBibUcWG4K2+vE66V3Xvut64b9RazSKOMpzBOVyCBzfQgjtoQwcICHiGV3hzlPPivDsfy9aSU8ycwh84nz/pe4/P</latexit>

a | bc

<latexit sha1_base64="QkXTgOTLjlgmMVglEuoOwhIrmN4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9pQ9lsNu3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vSeqNIvlg5kl1Bd4LFnECDZWesRoKFiIAjKq1ty6uwBaJ15BalCgPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpRILqv1scfAcXVglRFGsbEmDFurviQwLrWcisJ0Cm4le9XLxP2+QmqjpZ0wmqaGSLBdFKUcmRvn3KGSKEsNnlmCimL0VkQlWmBibUcWG4K2+vE66V3Xvut64b9RazSKOMpzBOVyCBzfQgjtoQwcICHiGV3hzlPPivDsfy9aSU8ycwh84nz/pe4/P</latexit>

a | bc

<latexit sha1_base64="UErEZ9ymWUfdSlfqYBYPYZSGovM=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoZbEInkoioj0WvHisYD+gCWWzmbZLdzdhdyPU0F/ixYMiXv0p3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6rtaPjro5TRaFDYx6rfkg0cCahY5jh0E8UEBFy6IXT29zvPYLSLJYPZpZAIMhYshGjxFhpWKsS7AsWYR8SzXiu1N2GuwBeJ15B6qhAe1j78qOYpgKkoZxoPfDcxAQZUYZRDvOKn2pICJ2SMQwslUSADrLF4XN8bpUIj2JlSxq8UH9PZERoPROh7RTETPSql4v/eYPUjJpBxmSSGpB0uWiUcmxinKeAI6aAGj6zhFDF7K2YTogi1NisKjYEb/XlddK9bHjXjav7q3qrWcRRRqfoDF0gD92gFrpDbdRBFKXoGb2iN+fJeXHenY9la8kpZk7QHzifPztsks0=</latexit>

a | ✏

<latexit sha1_base64="BXU/mPZgnU2z7WBq5mM/vBRkbCY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4rmLbQhrLZbNqlu5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjk4yRahPEp6oXog15UxS3zDDaS9VFIuQ0244uZ373SeqNEvkg5mmNBB4JFnMCDZW6mE0ECxC4bBac+vuAmideAWpQYH2sPo1iBKSCSoN4VjrvuemJsixMoxwOqsMMk1TTCZ4RPuWSiyoDvLFvTN0YZUIxYmyJQ1aqL8nciy0norQdgpsxnrVm4v/ef3MxM0gZzLNDJVkuSjOODIJmj+PIqYoMXxqCSaK2VsRGWOFibERVWwI3urL66RzVfeu6437Rq3VLOIowxmcwyV4cAMtuIM2+ECAwzO8wpvz6Lw4787HsrXkFDOn8AfO5w8r5I9i</latexit>

a | b

<latexit sha1_base64="WzWXZC7U3+dLbVvF3wX5Iz3Tczc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9pQ9lsNu3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepv7vSeqNIvlg5kl1Bd4LFnECDZWesRoKFiISDCq1ty6uwBaJ15BalCgPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpRILqv1scfAcXVglRFGsbEmDFurviQwLrWcisJ0Cm4le9XLxP2+QmqjpZ0wmqaGSLBdFKUcmRvn3KGSKEsNnlmCimL0VkQlWmBibUcWG4K2+vE66V3Xvut64b9RazSKOMpzBOVyCBzfQgjtoQwcICHiGV3hzlPPivDsfy9aSU8ycwh84nz/pfI/P</latexit>

a | cb

<latexit sha1_base64="M3pdTHoYDawKfkrZYXz3PgF0CIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4rmLbQhrLZbNqlu5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjk4yRahPEp6oXog15UxS3zDDaS9VFIuQ0244uZ373SeqNEvkg5mmNBB4JFnMCDZW6mE0ECxCZFituXV3AbROvILUoEB7WP0aRAnJBJWGcKx133NTE+RYGUY4nVUGmaYpJhM8on1LJRZUB/ni3hm6sEqE4kTZkgYt1N8TORZaT0VoOwU2Y73qzcX/vH5m4maQM5lmhkqyXBRnHJkEzZ9HEVOUGD61BBPF7K2IjLHCxNiIKjYEb/XlddK5qnvX9cZ9o9ZqFnGU4QzO4RI8uIEW3EEbfCDA4Rle4c15dF6cd+dj2VpyiplT+APn8wctaI9j</latexit>

a | c
<latexit sha1_base64="Qq8G5xKQDYs5Pr4zNCNOU6e3Em8=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRot0IBTcuK9gHtGNJ0kwbmkyGJCOUoRs3/oobF4q49R/c+Tem7QjaeuDCyTn3knsPjjnTxvO+nKXlldW19dxGfnNre2fX3dtvaJkoQutEcqlaGGnKWUTrhhlOW7GiSGBOm3h4NfGb91RpJqNbM4ppIFA/YiEjyFip6x5hAouYnN51pKB9dIlhkeCfV9cteCVvCrhI/IwUQIZa1/3s9CRJBI0M4Ujrtu/FJkiRMoxwOs53Ek1jRIaoT9uWRkhQHaTTK8bwxCo9GEplKzJwqv6eSJHQeiSw7RTIDPS8NxH/89qJCStByqI4MTQis4/ChEMj4SQS2GOKEsNHliCimN0VkgFSiBgbXN6G4M+fvEgaZyX/vFS+KReqlSyOHDgEx6AIfHABquAa1EAdEPAAnsALeHUenWfnzXmftS452cwB+APn4xsxGpcY</latexit>

bc(bc)! = b(cb)!



Sequential functions

A rational word function is sequential  iff 

❖ it has bounded variation 
❖ any two states are twinned

sequential: 1DFT, rational: 1NFT

Bounded variation: Lipschitz property w.r.t. prefix distance 

<latexit sha1_base64="C3OO2OKfE7bgIi11IwWFlpTXzbY=">AAACDXicbVDJSgNBEO1xjXGLevTSGIUJhDAjQT14COjBYwSzQCaEnp6a2Niz0F0TCCE/4MVf8eJBEa/evfk3dpaD24OCx3tVVNXzUyk0Os6ntbC4tLyymlvLr29sbm0XdnabOskUhwZPZKLaPtMgRQwNFCihnSpgkS+h5d9dTPzWAJQWSXyDwxS6EevHIhScoZF6hUPvEiQyO7SzUjm0B6US9SRQTj0eJEgDOysPSr1C0ak4U9C/xJ2TIpmj3it8eEHCswhi5JJp3XGdFLsjplBwCeO8l2lIGb9jfegYGrMIdHc0/WZMj4wS0DBRpmKkU/X7xIhFWg8j33RGDG/1b28i/ud1MgzPuiMRpxlCzGeLwkxSTOgkGhoIBRzl0BDGlTC3Un7LFONoAsybENzfL/8lzeOKe1KpXleLtfN5HDmyTw6ITVxySmrkitRJg3ByTx7JM3mxHqwn69V6m7UuWPOZPfID1vsXKKKZFA==</latexit>

�(f(u), f(v))  c · d(u, v)
<latexit sha1_base64="W6RWvML60nQxJL8S3fFKSpau+/Q=">AAACEnicbVA9SwNBEN3z2/gVtbRZDIJBDXchqIWCoIWlglEhF8Le3iQu2ftgdzYScv4GG/+KjYUitlZ2/hs3MYVGHww83pthZl6QSqHRdT+dsfGJyanpmdnc3PzC4lJ+eeVSJ0ZxqPJEJuo6YBqkiKGKAiVcpwpYFEi4CtrHff+qA0qLJL7Abgr1iLVi0RScoZUa+aJ/AhLZptnuFOlhZrKtrJPtlKnPwwRpZqh/C2ELaCdr5AtuyR2A/iXekBTIEGeN/IcfJtxEECOXTOua56ZY7zGFgku4y/lGQ8p4m7WgZmnMItD13uClO7phlZA2E2UrRjpQf070WKR1NwpsZ8TwRo96ffE/r2awuV/viTg1CDH/XtQ0kmJC+/nQUCjgKLuWMK6EvZXyG6YYR5tizobgjb78l1yWS95uqXJeKRwdDOOYIWtknWwSj+yRI3JKzkiVcHJPHskzeXEenCfn1Xn7bh1zhjOr5Bec9y8pFZyJ</latexit>

�(u, v) = |u|+ |v|� 2 · |u ^ v|



Lower bounds 

❖ PSPACE-hard to decide whether equivalent 1NFT exists 
❖ the size of the 1NFT is optimal

Given a single-valued 2NFT: 
❖ it is decidable whether an equivalent 1NFT exists             

[Filiot, Gauwin, Reynier, Servais 2013]

Rational functions

[Baschenis, Gauwin, M., Puppis 2017]❖ ExpSPACE algorithm  

❖ if “yes”: construction of 2-exp size equivalent 1NFT 



If the given 2NFT is not single-valued: undecidable if it computes a 
rational relation.

Rational functions

Bad encodings

or
<latexit sha1_base64="XlfBUH8RsrfXc/ykVAPlp7iGGHo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqAeFghePFewHbJeSTbNtaDZZklmhbvszvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC4e3Ubz0ybbiSDzBKWBCTvuQRpwSs5EvckQpu8Php3C1X3Ko7A14mXk4qKEe9W/7q9BRNYyaBCmKM77kJBBnRwKlgk1InNSwhdEj6zLdUkpiZIJudPMEnVunhSGlbEvBM/T2RkdiYURzazpjAwCx6U/E/z08hugoyLpMUmKTzRVEqMCg8/R/3uGYUxMgSQjW3t2I6IJpQsCmVbAje4svLpHlW9S6q5/fnldp1HkcRHaFjdIo8dIlq6A7VUQNRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MH1T6Q9Q==</latexit>

n 6= |z| <latexit sha1_base64="DIo1YgTn/AElMZ1divUnHDuL148=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWMF+QLeUbJptQ7PJkswqdenf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QdOoRFPWoEoo3Q6IYYJL1gAOgrVjzUgUCNYKRjdTv/XAtOFK3sM4Zt2IDCQPOSVgJf8J+1LBNQ7Lj6e9YsmtuDPgZeJlpIQy1HvFL7+vaBIxCVQQYzqeG0M3JRo4FWxS8BPDYkJHZMA6lkoSMdNNZzdP8IlV+jhU2pYEPFN/T6QkMmYcBbYzIjA0i95U/M/rJBBedlMu4wSYpPNFYSIwKDwNAPe5ZhTE2BJCNbe3YjokmlCwMRVsCN7iy8ukeVbxzivVu2qpdpXFkUdH6BiVkYcuUA3dojpqIIpi9Ixe0ZuTOC/Ou/Mxb8052cwh+gPn8weo+ZDH</latexit>

z 6= f(w)
<latexit sha1_base64="kkvfIMbuvMIVT9P1AvWerP6HTYs=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWMF+QLeUbJptQ7PJkswqdenf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QdOoRFPWoEoo3Q6IYYJL1gAOgrVjzUgUCNYKRjdTv/XAtOFK3sM4Zt2IDCQPOSVgJf8J+1LBNR6UH097xZJbcWfAy8TLSAllqPeKX35f0SRiEqggxnQ8N4ZuSjRwKtik4CeGxYSOyIB1LJUkYqabzm6e4BOr9HGotC0JeKb+nkhJZMw4CmxnRGBoFr2p+J/XSSC87KZcxgkwSeeLwkRgUHgaAO5zzSiIsSWEam5vxXRINKFgYyrYELzFl5dJ86zinVeqd9VS7SqLI4+O0DEqIw9doBq6RXXUQBTF6Bm9ojcncV6cd+dj3ppzsplD9AfO5w+qgJDI</latexit>

z 6= g(w)or

<latexit sha1_base64="ytBAbdOlf7H5L8DspX5iq/vNp7Y=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDSYELJriFpYkNhYYiKPhEUyOwwwYXZ2nbkr4oY/sPFXbCw0xtbWzr9xeBQKnuTmnpxzb2bu8ULBNdj2t5VYWFxaXkmuptbWNza30ts7FR1EirIyDUSgah7RTHDJysBBsFqoGPE9wape72LkV++Y0jyQ1zAIWcMnHcnbnBIwUjN9mO1jN4cfcnjc3cyNPMLYvY1IC7vA7iHuc+gOm+mMnbfHwPPEmZIMmqLUTH+5rYBGPpNABdG67tghNGKigFPBhik30iwktEc6rG6oJD7TjXh8zxAfGKWF24EyJQGP1d8bMfG1HviemfQJdPWsNxL/8+oRtM8aMZdhBEzSyUPtSGAI8Cgc3OKKURADQwhV3PwV0y5RhIKJMGVCcGZPnieV47xzki9cFTLF82kcSbSH9lEWOegUFdElKqEyougRPaNX9GY9WS/Wu/UxGU1Y051d9AfW5w8jx5pG</latexit>

(w z,w#n) with

Reduction from PCP
<latexit sha1_base64="naJCeKjl5YHuNE1InQ+y7l6Gnxw=">AAACBnicbVDLSgMxFM34rPU16lKEYBGkSJmRoiIuqm5cVrAPaKclk2amoZlkSDJKKV258VfcuFDErd/gzr8xbWehrQcuHM65l3vv8WNGlXacb2tufmFxaTmzkl1dW9/YtLe2q0okEpMKFkzIuo8UYZSTiqaakXosCYp8Rmp+73rk1+6JVFTwO92PiRehkNOAYqSN1Lb3gqMQnsPLVh42meChpGFXIynFA7xq5dt2zik4Y8BZ4qYkB1KU2/ZXsyNwEhGuMUNKNVwn1t4ASU0xI8NsM1EkRriHQtIwlKOIKG8wfmMID4zSgYGQpriGY/X3xABFSvUj33RGSHfVtDcS//MaiQ7OvAHlcaIJx5NFQcKgFnCUCexQSbBmfUMQltTcCnEXSYS1SS5rQnCnX54l1eOCe1Io3hZzpYs0jgzYBfvgELjgFJTADSiDCsDgETyDV/BmPVkv1rv1MWmds9KZHfAH1ucPxX2Xaw==</latexit>

f, g : A⇤ �! B⇤

Good encodings
<latexit sha1_base64="j/PaZgfcNw4yrnyFVZMNvwIkuWM="></latexit>

(w z,w#|z|) with z = f(w) = g(w)

[Baschenis, Gauwin, M., Puppis 2015]



If the given 2NFT is not single-valued: undecidable if it computes a 
rational relation.

Rational functions

Bad encodings

or
<latexit sha1_base64="XlfBUH8RsrfXc/ykVAPlp7iGGHo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqAeFghePFewHbJeSTbNtaDZZklmhbvszvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC4e3Ubz0ybbiSDzBKWBCTvuQRpwSs5EvckQpu8Php3C1X3Ko7A14mXk4qKEe9W/7q9BRNYyaBCmKM77kJBBnRwKlgk1InNSwhdEj6zLdUkpiZIJudPMEnVunhSGlbEvBM/T2RkdiYURzazpjAwCx6U/E/z08hugoyLpMUmKTzRVEqMCg8/R/3uGYUxMgSQjW3t2I6IJpQsCmVbAje4svLpHlW9S6q5/fnldp1HkcRHaFjdIo8dIlq6A7VUQNRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MH1T6Q9Q==</latexit>

n 6= |z| <latexit sha1_base64="DIo1YgTn/AElMZ1divUnHDuL148=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWMF+QLeUbJptQ7PJkswqdenf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QdOoRFPWoEoo3Q6IYYJL1gAOgrVjzUgUCNYKRjdTv/XAtOFK3sM4Zt2IDCQPOSVgJf8J+1LBNQ7Lj6e9YsmtuDPgZeJlpIQy1HvFL7+vaBIxCVQQYzqeG0M3JRo4FWxS8BPDYkJHZMA6lkoSMdNNZzdP8IlV+jhU2pYEPFN/T6QkMmYcBbYzIjA0i95U/M/rJBBedlMu4wSYpPNFYSIwKDwNAPe5ZhTE2BJCNbe3YjokmlCwMRVsCN7iy8ukeVbxzivVu2qpdpXFkUdH6BiVkYcuUA3dojpqIIpi9Ixe0ZuTOC/Ou/Mxb8052cwh+gPn8weo+ZDH</latexit>

z 6= f(w)
<latexit sha1_base64="kkvfIMbuvMIVT9P1AvWerP6HTYs=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWMF+QLeUbJptQ7PJkswqdenf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QdOoRFPWoEoo3Q6IYYJL1gAOgrVjzUgUCNYKRjdTv/XAtOFK3sM4Zt2IDCQPOSVgJf8J+1LBNR6UH097xZJbcWfAy8TLSAllqPeKX35f0SRiEqggxnQ8N4ZuSjRwKtik4CeGxYSOyIB1LJUkYqabzm6e4BOr9HGotC0JeKb+nkhJZMw4CmxnRGBoFr2p+J/XSSC87KZcxgkwSeeLwkRgUHgaAO5zzSiIsSWEam5vxXRINKFgYyrYELzFl5dJ86zinVeqd9VS7SqLI4+O0DEqIw9doBq6RXXUQBTF6Bm9ojcncV6cd+dj3ppzsplD9AfO5w+qgJDI</latexit>

z 6= g(w)or

<latexit sha1_base64="ytBAbdOlf7H5L8DspX5iq/vNp7Y=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDSYELJriFpYkNhYYiKPhEUyOwwwYXZ2nbkr4oY/sPFXbCw0xtbWzr9xeBQKnuTmnpxzb2bu8ULBNdj2t5VYWFxaXkmuptbWNza30ts7FR1EirIyDUSgah7RTHDJysBBsFqoGPE9wape72LkV++Y0jyQ1zAIWcMnHcnbnBIwUjN9mO1jN4cfcnjc3cyNPMLYvY1IC7vA7iHuc+gOm+mMnbfHwPPEmZIMmqLUTH+5rYBGPpNABdG67tghNGKigFPBhik30iwktEc6rG6oJD7TjXh8zxAfGKWF24EyJQGP1d8bMfG1HviemfQJdPWsNxL/8+oRtM8aMZdhBEzSyUPtSGAI8Cgc3OKKURADQwhV3PwV0y5RhIKJMGVCcGZPnieV47xzki9cFTLF82kcSbSH9lEWOegUFdElKqEyougRPaNX9GY9WS/Wu/UxGU1Y051d9AfW5w8jx5pG</latexit>

(w z,w#n) with

A 2NFT can generate all bad encodings:                                                 

<latexit sha1_base64="CEk8b3hbnL1P7TSqjBSnhQ3xwgI="></latexit>

#|z2|
<latexit sha1_base64="oEO1e7GWymrHald9jxJvYhdOwso="></latexit>

#|f(w1)|

<latexit sha1_base64="bMIC6B80zvnPhrF5lYLDNul8Erw="></latexit>

w = w1aw2, z = z1tz2 if
<latexit sha1_base64="CDlmZacKaFpscA/dIDG2l/Y5/OU=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbshiREUAl48RjAPSJYwO5lNhszOLjOzQtzkG7x4UMSrH+TNv3HyAhUtaCiquunu8mPOlHacT2tldW19YzOzld3e2d3bzx0cNlSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD6+nfvOeSsUicadHMfVC3BcsYARrI9XF1fhh3M3lHdu9KBXKFbQghSUpIdd2ZsjDArVu7qPTi0gSUqEJx0q1XSfWXoqlZoTTSbaTKBpjMsR92jZU4JAqL50dO0GnRumhIJKmhEYz9ftEikOlRqFvOkOsB+q3NxX/8tqJDipeykScaCrIfFGQcKQjNP0c9ZikRPORIZhIZm5FZIAlJtrkkzUhLD9F/5NGwXbLdvG2mK9eLuLIwDGcwBm4cA5VuIEa1IEAg0d4hhdLWE/Wq/U2b12xFjNH8APW+xd2x48g</latexit>

n = |z|
then error found

<latexit sha1_base64="WiGsbEztJ9SaoYmEv4JreEuOjMs=">AAACHnicbVDLSgMxFM34rPVVdekmWIQKUmZsaysoFNy4rGBboR1KJs20oZnMkNwRytAvceOvuHGhiOBK/8b0Iaj1QOBwzrnJzfEiwTXY9qe1sLi0vLKaWkuvb2xubWd2dhs6jBVldRqKUN16RDPBJasDB8FuI8VI4AnW9AaXY795x5TmobyBYcTcgPQk9zklYKROpoTbk0taque5iZ0vF4olxzm28/YEhhQqlTO7OMKA2zKEC+znyFEnk/1O4HnizEgWzVDrZN7b3ZDGAZNABdG65dgRuAlRwKlgo3Q71iwidEB6rGWoJAHTbjLZbIQPjdLFfqjMkYAn6s+JhARaDwPPJAMCff3XG4v/ea0Y/IqbcBnFwCSdPuTHAkOIx13hLleMghgaQqjiZldM+0QRCqbRtCnB+fvledI4yTun+eJ1MVs9n9WRQvvoAOWQg8qoiq5QDdURRffoET2jF+vBerJerbdpdMGazeyhX7A+vgCOr50j</latexit>

t 6= f(a)



If the given 2NFT is not single-valued: undecidable if it computes a 
rational relation.

Rational functions

Bad encodings

or
<latexit sha1_base64="XlfBUH8RsrfXc/ykVAPlp7iGGHo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqAeFghePFewHbJeSTbNtaDZZklmhbvszvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC4e3Ubz0ybbiSDzBKWBCTvuQRpwSs5EvckQpu8Php3C1X3Ko7A14mXk4qKEe9W/7q9BRNYyaBCmKM77kJBBnRwKlgk1InNSwhdEj6zLdUkpiZIJudPMEnVunhSGlbEvBM/T2RkdiYURzazpjAwCx6U/E/z08hugoyLpMUmKTzRVEqMCg8/R/3uGYUxMgSQjW3t2I6IJpQsCmVbAje4svLpHlW9S6q5/fnldp1HkcRHaFjdIo8dIlq6A7VUQNRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MH1T6Q9Q==</latexit>

n 6= |z| <latexit sha1_base64="DIo1YgTn/AElMZ1divUnHDuL148=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWMF+QLeUbJptQ7PJkswqdenf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QdOoRFPWoEoo3Q6IYYJL1gAOgrVjzUgUCNYKRjdTv/XAtOFK3sM4Zt2IDCQPOSVgJf8J+1LBNQ7Lj6e9YsmtuDPgZeJlpIQy1HvFL7+vaBIxCVQQYzqeG0M3JRo4FWxS8BPDYkJHZMA6lkoSMdNNZzdP8IlV+jhU2pYEPFN/T6QkMmYcBbYzIjA0i95U/M/rJBBedlMu4wSYpPNFYSIwKDwNAPe5ZhTE2BJCNbe3YjokmlCwMRVsCN7iy8ukeVbxzivVu2qpdpXFkUdH6BiVkYcuUA3dojpqIIpi9Ixe0ZuTOC/Ou/Mxb8052cwh+gPn8weo+ZDH</latexit>

z 6= f(w)
<latexit sha1_base64="kkvfIMbuvMIVT9P1AvWerP6HTYs=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWMF+QLeUbJptQ7PJkswqdenf8OJBEa/+GW/+G9N2D9r6YODx3gwz84JYcAOu++3kVlbX1jfym4Wt7Z3dveL+QdOoRFPWoEoo3Q6IYYJL1gAOgrVjzUgUCNYKRjdTv/XAtOFK3sM4Zt2IDCQPOSVgJf8J+1LBNR6UH097xZJbcWfAy8TLSAllqPeKX35f0SRiEqggxnQ8N4ZuSjRwKtik4CeGxYSOyIB1LJUkYqabzm6e4BOr9HGotC0JeKb+nkhJZMw4CmxnRGBoFr2p+J/XSSC87KZcxgkwSeeLwkRgUHgaAO5zzSiIsSWEam5vxXRINKFgYyrYELzFl5dJ86zinVeqd9VS7SqLI4+O0DEqIw9doBq6RXXUQBTF6Bm9ojcncV6cd+dj3ppzsplD9AfO5w+qgJDI</latexit>

z 6= g(w)or

<latexit sha1_base64="ytBAbdOlf7H5L8DspX5iq/vNp7Y=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDSYELJriFpYkNhYYiKPhEUyOwwwYXZ2nbkr4oY/sPFXbCw0xtbWzr9xeBQKnuTmnpxzb2bu8ULBNdj2t5VYWFxaXkmuptbWNza30ts7FR1EirIyDUSgah7RTHDJysBBsFqoGPE9wape72LkV++Y0jyQ1zAIWcMnHcnbnBIwUjN9mO1jN4cfcnjc3cyNPMLYvY1IC7vA7iHuc+gOm+mMnbfHwPPEmZIMmqLUTH+5rYBGPpNABdG67tghNGKigFPBhik30iwktEc6rG6oJD7TjXh8zxAfGKWF24EyJQGP1d8bMfG1HviemfQJdPWsNxL/8+oRtM8aMZdhBEzSyUPtSGAI8Cgc3OKKURADQwhV3PwV0y5RhIKJMGVCcGZPnieV47xzki9cFTLF82kcSbSH9lEWOegUFdElKqEyougRPaNX9GY9WS/Wu/UxGU1Y051d9AfW5w8jx5pG</latexit>

(w z,w#n) with

If PCP has no solution: all pairs are bad encodings, so rational. 

If PCP has solution                                 consider 
<latexit sha1_base64="dzBzPwDQ5T9TQI0pFAp5LUVgNm4=">AAAB9HicdVDLTgIxFL3jE/GFunTTSExwQ2YIIC4wJG5cYiKPBCakUzrQ0HnYdjA44TvcuNAYt36MO//GAkOiRk9yb07OuTe9PU7ImVSm+WmsrK6tb2ymttLbO7t7+5mDw6YMIkFogwQ8EG0HS8qZTxuKKU7boaDYczhtOaOrmd8aUyFZ4N+qSUhtDw985jKClZbsB1RFbu7+rDrQrZfJmnnrolQoV1BCCktSQlbenCMLCeq9zEe3H5DIo74iHEvZscxQ2TEWihFOp+luJGmIyQgPaEdTH3tU2vH86Ck61UofuYHQ5Ss0V79vxNiTcuI5etLDaih/ezPxL68TKbdix8wPI0V9snjIjThSAZolgPpMUKL4RBNMBNO3IjLEAhOlc0rrEJY/Rf+TZiFvlfPFm2K2dpnEkYJjOIEcWHAONbiGOjSAwB08wjO8GGPjyXg13hajK0aycwQ/YLx/AeR+kOY=</latexit>

z = f(w) = g(w)
<latexit sha1_base64="YxEHj0HC7pGuw7xfMZf4JVMn9VM=">AAACBHicdZDLSgMxFIYzXmu9VV12EyxChVJmSlvrRgpuXFawF+iNTJq2oUlmSDJKO+3Cja/ixoUibn0Id76N6Q1U9IfAx3/O4eT8rs+o0rb9aa2srq1vbEa2ots7u3v7sYPDivICiUkZe8yTNRcpwqggZU01IzVfEsRdRqru4HJar94SqagnbvTQJ02OeoJ2KUbaWO1YPHnXErCRgqMWT8EZJ1ohH4/Gk9N2LGGnnfNcJl+AC8gsIQedtD1TAixUasc+Gh0PB5wIjRlSqu7Yvm6GSGqKGZlEG4EiPsID1CN1gwJxoprh7IgJPDFOB3Y9aZ7QcOZ+nwgRV2rIXdPJke6r37Wp+VetHuhuoRlS4QeaCDxf1A0Y1B6cJgI7VBKs2dAAwpKav0LcRxJhbXKLmhCWl8L/oZJJO/l09jqbKF4s4oiAODgGSeCAM1AEV6AEygCDe/AInsGL9WA9Wa/W27x1xVrMHIEfst6/AP9JlxY=</latexit>

(wn zm, wn#m|z|)

Pumping turns good encodings into bad ones, so the 
relation cannot be rational.



Given a single-valued 2NFT the existence of an 
equivalent 1NFT is decidable in ExpSPACE.

Example:                           with                 <latexit sha1_base64="3PmmfjO1tWiBE+WZvyN031DLVkA=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmiqjgpuDGZQV7gXYomTTThiaZIcm0lKFv4saFIm59E3e+jWk7C239IfDxn3PIOX+YcKaN5307hY3Nre2d4m5pb//g8Mg9PmnqOFWENkjMY9UOsaacSdowzHDaThTFIuS0FY7u5/XWmCrNYvlkpgkNBB5IFjGCjbV6rjtBXYETbWJk6Q5Nem7Zq3gLoXXwcyhDrnrP/er2Y5IKKg3hWOuO7yUmyLAyjHA6K3VTTRNMRnhAOxYlFlQH2WLzGbqwTh9FsbJPGrRwf09kWGg9FaHtFNgM9Wptbv5X66Qmug0yJpPUUEmWH0UpR/bOeQyozxQlhk8tYKKY3RWRIVaYGBtWyYbgr568Ds1qxb+uVB+vyrVaHkcRzuAcLsGHG6jBA9ShAQTG8Ayv8OZkzovz7nwsWwtOPnMKf+R8/gA3XZK8</latexit>w 7! w w
<latexit sha1_base64="qFnFOj0FBP6FAeZSb8KQjSvR0cw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF49V7Ae0oWy2m3bpZhN2J0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il9hPpCUXu++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vklat6l1Wa3cXlXo9j6MIJ3AK5+DBFdThFhrQBAZjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwB5vI8B</latexit>

w 2 R

❖ if                           no equivalent 1NFT

❖ if                           equivalent 1NFT exists

<latexit sha1_base64="D2ji24ClNRzg4eUdgB5Te063FDg=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiVBdlphY7XQgFNy6r2Au2Y8mkaRuayQxJRihD38KNC0Xc+jbufBvTi6CiPwQ+/nMOOef3I86Utu0PK7W0vLK6ll7PbGxube9kd/caKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vRHF9N6855KxUJxo8cR9QI8EKzPCNbGur1G5yiP/eO7k242ZxdObbfiVJABp+QWywZcu2QQOQV7phwsVOtm3zu9kMQBFZpwrFTbsSPtJVhqRjidZDqxohEmIzygbYMCB1R5yWzjCToyTg/1Q2me0Gjmfp9IcKDUOPBNZ4D1UP2uTc2/au1Y910vYSKKNRVk/lE/5kiHaHo+6jFJieZjA5hIZnZFZIglJtqElDEhfF2K/odGseCcFYpXpVy1uogjDQdwCHlwoAxVuIQa1IGAgAd4gmdLWY/Wi/U6b01Zi5l9+CHr7ROnDY+e</latexit>

R = (ab)⇤

<latexit sha1_base64="fTngnXsup4Fi0btslh7jKMKv6BQ=">AAAB8nicdVDLSgMxFM34rPVVdekmWISqMGRabceFUHDjsop9wHQsmTTThmYeJBmhDP0MNy4UcevXuPNvzLQVVPTAhcM593LvPV7MmVQIfRgLi0vLK6u5tfz6xubWdmFntyWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3ugy89v3VEgWhbdqHFM3wIOQ+YxgpSXnBl7AEj7xju6Oe4UiMquoVrGrEJkIlc9rtiYVC51ZNrS0kqEI5mj0Cu/dfkSSgIaKcCylY6FYuSkWihFOJ/luImmMyQgPqKNpiAMq3XR68gQeaqUP/UjoChWcqt8nUhxIOQ483RlgNZS/vUz8y3MS5dtuysI4UTQks0V+wqGKYPY/7DNBieJjTTARTN8KyRALTJROKa9D+PoU/k9aZdOqmuXr02K9Po8jB/bBASgBC9RAHVyBBmgCAiLwAJ7As6GMR+PFeJ21LhjzmT3wA8bbJwa6j80=</latexit>

R = (a+ b)⇤

period 2                  

Rational functions

[Baschenis, Gauwin, M., Puppis 2017]



The output between the red dots has exponentially-bounded period

Key tool: inversions + word combinatorics

Pumping the two loops yields a bounded period for the middle parts.

<latexit sha1_base64="IYF0JXX9FVecoaBOCTRDQeWTGic="></latexit>

v0 v1
m v2 v3

n v4 = w0 w1
n w2 w3

m w4



Some open problems

❖ PSPACE lower bound for deciding if a rational function is sequential 
-  better lower bound? 

❖ Better complexity for “2NFT to 1DFT”?    
❖ Extension from single-valued to finitely-valued transductions? 
❖ Canonical DSST? Perhaps easier: minimising the number of 

registers?

We can compute the minimal number of registers for concatenation-free (cf) 
DSST. Moreover, k-cf-DSST are equivalent to 2k-sweeping 2DFT.

[Baschenis, Gauwin, M., Puppis’16]



Overview

Word transductions 

automata  = logic

translations between models

algebra

expressions

Equivalence problem

finitely valued transducers

origin equivalence 



Sequential functions sequential: 1DFT, rational: 1NFT

<latexit sha1_base64="IqwWojvBh2qf5cZ0fcYFi0QvgRE=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgKcKuBBWxiNpYRjAPSDZhdjK7GTI7s8zMKmFJYeOv2FgoYutH2Pk3Th6FJh64cDjnXu69x48ZVdpxvq3M0vLK6lp2PbexubW9Y+/u1ZVIJCY1LJiQTR8pwignNU01I81YEhT5jDT8wfXYb9wTqajgd3oYEy9CIacBxUgbqWvnA3gOLztF2GaCh5KGfY2kFA/wqlPs2gWn5EwAF4k7IwUwQ7Vrf7V7AicR4RozpFTLdWLtpUhqihkZ5dqJIjHCAxSSlqEcRUR56eSJETw0Sg8GQpriGk7U3xMpipQaRr7pjJDuq3lvLP7ntRIdnHkp5XGiCcfTRUHCoBZwnAjsUUmwZkNDEJbU3ApxH0mEtcktZ0Jw519eJPXjkntSKt+WC5WLWRxZkAcH4Ai44BRUwA2oghrA4BE8g1fwZj1ZL9a79TFtzVizmX3wB9bnD4xMlsQ=</latexit>

f : A⇤ �! B⇤ <latexit sha1_base64="vkrtS+IWL0gSsui47v3wc3cfnts=">AAACA3icbVDJSgNBEO2JW4xb1JteGoOQXMKMBPWgEPDiMYJZIDMMPT01SZOehe4eQxgCXvwVLx4U8epPePNv7CwHTXxQ8Hiviqp6XsKZVKb5beRWVtfWN/Kbha3tnd294v5BS8apoNCkMY9FxyMSOIugqZji0EkEkNDj0PYGNxO//QBCsji6V6MEnJD0IhYwSpSW3OKR3ScqC8bltIKv7SH4PXCHOCinw4pbLJlVcwq8TKw5KaE5Gm7xy/ZjmoYQKcqJlF3LTJSTEaEY5TAu2KmEhNAB6UFX04iEIJ1s+sMYn2rFx0EsdEUKT9XfExkJpRyFnu4MierLRW8i/ud1UxVcOhmLklRBRGeLgpRjFeNJINhnAqjiI00IFUzfimmfCEKVjq2gQ7AWX14mrbOqdV6t3dVK9at5HHl0jE5QGVnoAtXRLWqgJqLoET2jV/RmPBkvxrvxMWvNGfOZQ/QHxucPiu+WzQ==</latexit>

f̂(u) = ^wf(uw)

<latexit sha1_base64="g026EOf2QOR+zumd3Hlgp9IVcow="></latexit>

8w , f̂(u)�1f(uw) = f̂(v)�1f(vw)
<latexit sha1_base64="rlaVT03+UYFa0KipfXe+ez4n7UE=">AAACAnicbVA9SwNBEN3zM8avqJXYLAYhNuFOglpYBGwsI5gPSELY28wlS/Y+3J0LhiPY+FdsLBSx9VfY+W/cJFdo4oOBx3szzMxzIyk02va3tbS8srq2ntnIbm5t7+zm9vZrOowVhyoPZagaLtMgRQBVFCihESlgviuh7g6uJ359CEqLMLjDUQRtn/UC4QnO0Eid3GFMW3Afi2EnaSE8YNIN/XHBOx0PO7m8XbSnoIvESUmepKh0cl+tbshjHwLkkmnddOwI2wlTKLiEcbYVa4gYH7AeNA0NmA+6nUxfGNMTo3SpFypTAdKp+nsiYb7WI981nT7Dvp73JuJ/XjNG77KdiCCKEQI+W+TFkmJIJ3nQrlDAUY4MYVwJcyvlfaYYR5Na1oTgzL+8SGpnRee8WLot5ctXaRwZckSOSYE45IKUyQ2pkCrh5JE8k1fyZj1ZL9a79TFrXbLSmQPyB9bnD7ZGl6A=</latexit>u ⌘dom(f) v and  

Myhill-Nerode theorem for 1DFT, so canonical (minimal) transducer

[Choffrut’79]

<latexit sha1_base64="/YgX+71BXxSokT/iIV7nD1ZZwe0=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjMi6sFDwIvHCGaBzBB6OjVJk57FXgIh5De8eFDEqz/jzb+xk8xBEx8UPN6roqpemAmutOt+O4W19Y3NreJ2aWd3b/+gfHjUVKmRDBssFalsh1Sh4Ak2NNcC25lEGocCW+Hwbua3RigVT5NHPc4wiGk/4RFnVFvJN8THJ8NH3YiMuuWKW3XnIKvEy0kFctS75S+/lzITY6KZoEp1PDfTwYRKzZnAack3CjPKhrSPHUsTGqMKJvObp+TMKj0SpdJWoslc/T0xobFS4zi0nTHVA7XszcT/vI7R0U0w4UlmNCZssSgyguiUzAIgPS6RaTG2hDLJ7a2EDaikTNuYSjYEb/nlVdK8qHpX1cuHy0rtNo+jCCdwCufgwTXU4B7q0AAGGTzDK7w5xnlx3p2PRWvByWeO4Q+czx+jcZFr</latexit>u ⌘f vDefine if

❖ A word function is sequential  iff the associated congruence         
has finite index. 

❖ The associated congruence defines the canonical (minimal) 
transducer computing the function. 

<latexit sha1_base64="RVhGEqlKCqNYElXlWdvwVI23h9g=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0hKW+tFCl48VrAf0Iay2U7apZtNursplNI/4cWDIl79O978N27bFFT0wcDjvRlm5vkxZ0o7zqeV2djc2t7J7ub29g8Oj/LHJ00VJZJCg0Y8km2fKOBMQEMzzaEdSyChz6Hlj24XfmsCUrFIPOhpDF5IBoIFjBJtpHYXxgmb9IJevuDY7nW5WKnilBTXpIxd21migFLUe/mPbj+iSQhCU06U6rhOrL0ZkZpRDvNcN1EQEzoiA+gYKkgIypst753jC6P0cRBJU0Ljpfp9YkZCpaahbzpDoofqt7cQ//I6iQ6q3oyJONEg6GpRkHCsI7x4HveZBKr51BBCJTO3YjokklBtIsqZENaf4v9Js2i7Fbt0XyrUbtI4sugMnaNL5KIrVEN3qI4aiCKOHtEzerHG1pP1ar2tWjNWOnOKfsB6/wK3kZBu</latexit>⌘f

(largest common prefix)



Rational functions

[Elgot-Mezei’65] 
1NFT are equivalent to 1DFT with regular look-ahead

“subsequence of letters occurring more than once”Example:
<latexit sha1_base64="zgtcGFF14nK6Q5B8keuLQIO0Bqc="></latexit>

w 7! projD(w) D = {a : |w|a > 1}

<latexit sha1_base64="RVhGEqlKCqNYElXlWdvwVI23h9g=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0hKW+tFCl48VrAf0Iay2U7apZtNursplNI/4cWDIl79O978N27bFFT0wcDjvRlm5vkxZ0o7zqeV2djc2t7J7ub29g8Oj/LHJ00VJZJCg0Y8km2fKOBMQEMzzaEdSyChz6Hlj24XfmsCUrFIPOhpDF5IBoIFjBJtpHYXxgmb9IJevuDY7nW5WKnilBTXpIxd21migFLUe/mPbj+iSQhCU06U6rhOrL0ZkZpRDvNcN1EQEzoiA+gYKkgIypst753jC6P0cRBJU0Ljpfp9YkZCpaahbzpDoofqt7cQ//I6iQ6q3oyJONEg6GpRkHCsI7x4HveZBKr51BBCJTO3YjokklBtIsqZENaf4v9Js2i7Fbt0XyrUbtI4sugMnaNL5KIrVEN3qI4aiCKOHtEzerHG1pP1ar2tWjNWOnOKfsB6/wK3kZBu</latexit>⌘f has infinite index: 
<latexit sha1_base64="ENq7SRJZiBf5t93buiHGevhzbp8=">AAAB/3icdVDLSsNAFJ3UV62vquDGzWAR6qYkpa11oRTcuKxgH9DEMplO2qGTSZiZCCV24a+4caGIW3/DnX/jpE1BRQ9cOJxzL/fe44aMSmWan0ZmaXlldS27ntvY3Nreye/utWUQCUxaOGCB6LpIEkY5aSmqGOmGgiDfZaTjji8Tv3NHhKQBv1GTkDg+GnLqUYyUlvr5A3uEVOxNi8i95SfnNgklZYlRMEvWWbVcq8OUlBekCq2SOUMBpGj28x/2IMCRT7jCDEnZs8xQOTESimJGpjk7kiREeIyGpKcpRz6RTjy7fwqPtTKAXiB0cQVn6veJGPlSTnxXd/pIjeRvLxH/8nqR8upOTHkYKcLxfJEXMagCmIQBB1QQrNhEE4QF1bdCPEICYaUjy+kQFp/C/0m7XLJqpcp1pdC4SOPIgkNwBIrAAqegAa5AE7QABvfgETyDF+PBeDJejbd5a8ZIZ/bBDxjvX0Xqlko=</latexit>

f̂(abn) = ✏
<latexit sha1_base64="QWmq/p068VvdPFSQue1OoL49jdA=">AAACDHicdVDLSgMxFM34tr6qLt0Ei+CqzBRb60IpuHGpYFVoa8mkdzSYZMbkTrEM/QA3/oobF4q49QPc+TemtYKKHgicnHMuyT1hIoVF33/3xsYnJqemZ2Zzc/MLi0v55ZUTG6eGQ53HMjZnIbMghYY6CpRwlhhgKpRwGl7tD/zTLhgrYn2MvQRail1oEQnO0EntfIGF54o24ToV3XZE3U3TJsINZlREEe1TtTtI+cVgp1yqVOmIlL5ImQZFf4gCGeGwnX9rdmKeKtDIJbO2EfgJtjJmUHAJ/VwztZAwfsUuoOGoZgpsKxsu06cbTunQKDbuaKRD9ftExpS1PRW6pGJ4aX97A/Evr5FiVG1lQicpguafD0WppBjTQTO0IwxwlD1HGDfC/ZXyS2YYR9dfzpXwtSn9n5yUikGluHW0VajtjeqYIWtknWySgGyTGjkgh6ROOLkl9+SRPHl33oP37L18Rse80cwq+QHv9QPylJrw</latexit>

abm ⌘f abn i↵ m = n

[Reutenauer-Schützenberger’91]Canonical look-ahead LA(f)
<latexit sha1_base64="Eqa+ooWMSTIlc6RsIyUQXtMi7QE="></latexit>

u ⌘la v if �(f(wu), f(wv))  c, 8w

Example:
<latexit sha1_base64="b0iIt/URamfNJ+/ef02g5DXGNWg=">AAACKHicbVBLSwMxEM76rPVV9eglWAS9lF0pKqhY8OJRwWqhW0o2nbXB7MNkUizL/hwv/hUvIop49ZeYPg5aHQh8jxkm8wWpFBpd99OZmp6ZnZsvLBQXl5ZXVktr69c6MYpDnScyUY2AaZAihjoKlNBIFbAokHAT3J0N/JseKC2S+Ar7KbQidhuLUHCGVmqXTg314d6IXjuTLKc96h9RH+EBMyrCkOaWjyiTaTffMbsnP2lvt10quxV3WPQv8MagTMZ10S69+p2Emwhi5JJp3fTcFFsZUyi4hLzoGw0p43fsFpoWxiwC3cqGh+Z02yodGibKvhjpUP05kbFI634U2M6IYVdPegPxP69pMDxsZSJODULMR4tCIykmdJAa7QgFHGXfAsaVsH+lvMsU42izLdoQvMmT/4LrvYq3X6leVsu143EcBbJJtsgO8cgBqZFzckHqhJNH8kzeyLvz5Lw4H87nqHXKGc9skF/lfH0DqYumWw==</latexit>

u ⌘la v i↵ alph(u) = alph(v)



Rational functions
A word function f is rational if and only if its canonical 
look-ahead LA(f) has finite index and f + LA(f) is 
sequential.

“subsequence of letters occurring more than once”Example:
<latexit sha1_base64="zgtcGFF14nK6Q5B8keuLQIO0Bqc="></latexit>

w 7! projD(w) D = {a : |w|a > 1}

<latexit sha1_base64="rJVdmIB0+Wx5qb60ezS06D/O6S0="></latexit>

(a1, alph(a2 . . . an))(a2, alph(a3 . . . an)) . . . (an, ;)

f + LA(f):
<latexit sha1_base64="cqhaGPi8U9aP4II+Bnnu33jRTaY=">AAACDXicbVC7SgNBFJ31GeMramkzGAVtwq4EtbAIaGEZwTwgCcvdySQZMzu7zNwVw5IfsPFXbCwUsbW382+cPAqNHhg4nHMPd+4JYikMuu6XMze/sLi0nFnJrq6tb2zmtrarJko04xUWyUjXAzBcCsUrKFDyeqw5hIHktaB/MfJrd1wbEakbHMS8FUJXiY5ggFbyc/vNEGKDEW0iv8c01tHt0L88BN+jzXaEhoKvjvxc3i24Y9C/xJuSPJmi7Oc+bZglIVfIJBjT8NwYWyloFEzyYbaZGB4D60OXNyxVEHLTSsfXDOmBVdq0E2n7FNKx+jORQmjMIAzsZAjYM7PeSPzPayTYOWulQsUJcsUmizqJpPb6UTW0LTRnKAeWANPC/pWyHmhgaAvM2hK82ZP/kupxwTspFK+L+dL5tI4M2SV75JB45JSUyBUpkwph5IE8kRfy6jw6z86b8z4ZnXOmmR3yC87HN9qcm2M=</latexit>

7! projD(a1 . . . an)

is sequential 

Canonical 1DFT for f + LA(f)  = canonical bimachine for f

[Reutenauer-Schützenberger’91]



First-order transductions

The domain and order formula are FO (instead of MSO).

Example: <latexit sha1_base64="ts9yYWXRRUAzTPbUOWyT2+NGoaY=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyyCCxlmBlvrruDGZQV7gXYomTTThiaZIcm0lKFv4saFIm59E3e+jWk7BRX9IfDxn3PIOX+YMKq0635aa+sbm1vbhZ3i7t7+waF9dNxUcSoxaeCYxbIdIkUYFaShqWaknUiCeMhIKxzdzuutMZGKxuJBTxMScDQQNKIYaWP1bHsCuxwlSsfQ0CWc9OyS63g3Zb9ShTn4KyhDz3EXKoFc9Z790e3HOOVEaMyQUh3PTXSQIakpZmRW7KaKJAiP0IB0DArEiQqyxeYzeG6cPoxiaZ7QcOF+n8gQV2rKQ9PJkR6q37W5+Vetk+qoGmRUJKkmAi8/ilIGzZ3zGGCfSoI1mxpAWFKzK8RDJBHWJqyiCWF1Kfwfmr7jVRz//qpUq+VxFMApOAMXwAPXoAbuQB00AAZj8AiewYuVWU/Wq/W2bF2z8pkT8EPW+xeaJJMB</latexit>w 7! ww

❖ domain 

❖ order

<latexit sha1_base64="bftEUBIaEf/YnQs5ywU5dLKitbw="></latexit>

doma,1(x) = doma,2(x) ⌘ a(x)
<latexit sha1_base64="bRjefi3j3XVnwh2v0B3IPBxV9GU=">AAACG3icbZDLSgMxFIYzXmu9jbp0EyxCC6XMDEVdKBTcuKxgL9CWkknTNjRzITkjHYa+hxtfxY0LRVwJLnwb03YWtfWHwM93zuHk/G4ouALL+jHW1jc2t7YzO9ndvf2DQ/PouK6CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7qd1huPTCoe+A8Qh6zjkYHP+5wS0KhrOm1gY0gC2Zt0E7toT/LjYly4WaRO0Ukpzo+v40LXzFklaya8auzU5FCqatf8avcCGnnMByqIUi3bCqGTEAmcCjbJtiPFQkJHZMBa2vrEY6qTzG6b4HNNergfSP18wDO6OJEQT6nYc3WnR2ColmtT+F+tFUH/qpNwP4yA+XS+qB8JDAGeBoV7XDIKItaGUMn1XzEdEkko6DizOgR7+eRVU3dK9kWpfF/OVSppHBl0is5QHtnoElXQHaqiGqLoCb2gN/RuPBuvxofxOW9dM9KZE/RHxvcvExigIg==</latexit>

ord1,1(x, y) = ord2,2(x, y) = (x < y)
<latexit sha1_base64="bbONE0OZ8CRXIhYnZsGZZ58bP5k=">AAACCnicbVDLSgNBEJz1GeMr6tHLahAihLAbgnoRAl48RjAPSJYwO+kkQ2YfzPRKwrJnL/6KFw+KePULvPk3TpI9aGJBQ1HVTXeXGwqu0LK+jZXVtfWNzcxWdntnd28/d3DYUEEkGdRZIALZcqkCwX2oI0cBrVAC9VwBTXd0M/WbDyAVD/x7nITgeHTg8z5nFLXUzZ10EMYYB7KXdGO7WE4K4+Lk/Hquoowg6ebyVsmawVwmdkryJEWtm/vq9AIWeeAjE1Sptm2F6MRUImcCkmwnUhBSNqIDaGvqUw+UE89eScwzrfTMfiB1+WjO1N8TMfWUmniu7vQoDtWiNxX/89oR9q+cmPthhOCz+aJ+JEwMzGkuZo9LYCgmmlAmub7VZEMqKUOdXlaHYC++vEwa5ZJ9UarcVfLVahpHhhyTU1IgNrkkVXJLaqROGHkkz+SVvBlPxovxbnzMW1eMdOaI/IHx+QN4p5rE</latexit>

ord1,2(x, y) = true

Example: 
<latexit sha1_base64="KEm/dDeLmaWnS/kyyMnNOf367b0=">AAAB/HicbVDLTgIxFO3gC/E1ytJNIzFxhTOEqCtD4sYlJvJIYCSd0oGGtjNpO5LJgL/ixoXGuPVD3Pk3FpiFgie5yck59+bee/yIUaUd59vKra1vbG7ltws7u3v7B/bhUVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3Qz81uPRCoainudRMTjaCBoQDHSRurZxTHschQpHUL0kE7Gk/PKtGeXnLIzB1wlbkZKIEO9Z391+yGOOREaM6RUx3Ui7aVIaooZmRa6sSIRwiM0IB1DBeJEeen8+Ck8NUofBqE0JTScq78nUsSVSrhvOjnSQ7XszcT/vE6sgysvpSKKNRF4sSiIGTSvzpKAfSoJ1iwxBGFJza0QD5FEWJu8CiYEd/nlVdKslN2LcvWuWqpdZ3HkwTE4AWfABZegBm5BHTQABgl4Bq/gzXqyXqx362PRmrOymSL4A+vzB2ZFlJw=</latexit>

w 7! a|w|/2

❖ domain  

❖ order
<latexit sha1_base64="/WC7hJL12GvRJ/5dREdADLBrets=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxChBB2JagHlYAXjxHMA5IlzE4myZDZBzO9kmXJwYu/4sWDIl79CG/+jZNkD5pY0FBUddPd5YaCK7CsbyOzsrq2vpHdzG1t7+zumfsHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd0c3Ubz4wqXjg30McMscjA5/3OSWgpa6Z7wAbQxLI3qSb2CV7UhyX4hN8hceXcdcsWGVrBrxM7JQUUIpa1/zq9AIaecwHKohSbdsKwUmIBE4Fm+Q6kWIhoSMyYG1NfeIx5SSzJyb4WCs93A+kLh/wTP09kRBPqdhzdadHYKgWvan4n9eOoH/hJNwPI2A+nS/qRwJDgKeJ4B6XjIKINSFUcn0rpkMiCQWdW06HYC++vEwap2X7rFy5qxSq12kcWZRHR6iIbHSOqugW1VAdUfSIntErejOejBfj3fiYt2aMdOYQ/YHx+QMhsJcZ</latexit>

ord1,1(x, y) = x < y

<latexit sha1_base64="72eBjBV3eUecLL7WQ5rgeDt8c88="></latexit>

doma,1(x) = a(x) ^ even(x)

FO

not FO



Algebra

Long line of research on algebra for word languages:  

❖ algebra offers machine-independent characterizations, 
canonical objects (minimization), decision procedures for 
subclasses

❖ prominent example: decide whether a regular language is 
star-free 

star-free = aperiodic [Schützenberger’65] 

star-free = FO logic [McNaughton, Papert’71] 

Can we decide if a regular transduction is a FO transduction?



A word function f is a first-order transduction if and only if the 
canonical look-ahead LA(f) is aperiodic and the canonical 1DFT 
for f + LA(f) has an aperiodic transition monoid.

No decision procedure for regular word functions so far, but:

[Carton, Dartois’15], [Filiot, Krishna, Trivedi’15]

FOT  = aperiodic 2DFT = aperiodic DSST

First-order transductions (FOT)

[Filiot,Gauwin,Lhote’16] 

It is decidable if a rational word function f is a first-order transduction.



Open problem

Can we decide whether a regular word function is FOT ?

Issue here: come up with a canonical 2DFT/DSST. Not even 
clear for sweeping transducers.



Overview

Word transductions 

automata  = logic

properties

class membership problems

expressions

Equivalence problem

finitely valued transducers

origin equivalence 



Equivalence problem
Given two transducers, do they compute the same relation?

The equivalence problem for  non-deterministic one-way transducers 
(1NFT) is undecidable. [Fischer-Rosenberg, Griffiths’68]  

<latexit sha1_base64="naJCeKjl5YHuNE1InQ+y7l6Gnxw=">AAACBnicbVDLSgMxFM34rPU16lKEYBGkSJmRoiIuqm5cVrAPaKclk2amoZlkSDJKKV258VfcuFDErd/gzr8xbWehrQcuHM65l3vv8WNGlXacb2tufmFxaTmzkl1dW9/YtLe2q0okEpMKFkzIuo8UYZSTiqaakXosCYp8Rmp+73rk1+6JVFTwO92PiRehkNOAYqSN1Lb3gqMQnsPLVh42meChpGFXIynFA7xq5dt2zik4Y8BZ4qYkB1KU2/ZXsyNwEhGuMUNKNVwn1t4ASU0xI8NsM1EkRriHQtIwlKOIKG8wfmMID4zSgYGQpriGY/X3xABFSvUj33RGSHfVtDcS//MaiQ7OvAHlcaIJx5NFQcKgFnCUCexQSbBmfUMQltTcCnEXSYS1SS5rQnCnX54l1eOCe1Io3hZzpYs0jgzYBfvgELjgFJTADSiDCsDgETyDV/BmPVkv1rv1MWmds9KZHfAH1ucPxX2Xaw==</latexit>

f, g : A⇤ �! B⇤

<latexit sha1_base64="6OMY0HPO5tf5p6vrwV2xlx1NBYs=">AAAB/HicdVDLSsNAFJ3UV62vapduBotQEUIS2loXSsGNywr2AW0Ik+mkHTqThJmJUNv6K25cKOLWD3Hn3zh9gYoeuHA4517uvcePGZXKsj6N1Mrq2vpGejOztb2zu5fdP2jIKBGY1HHEItHykSSMhqSuqGKkFQuCuM9I0x9cTf3mHRGSRuGtGsbE5agX0oBipLTkZXMcXsBxUEg8+2R8Olb3njP2snnLtM9LTrkCF8RZkhK0TWuGPFig5mU/Ot0IJ5yECjMkZdu2YuWOkFAUMzLJdBJJYoQHqEfamoaIE+mOZsdP4LFWujCIhK5QwZn6fWKEuJRD7utOjlRf/vam4l9eO1FBxR3RME4UCfF8UZAwqCI4TQJ2qSBYsaEmCAuqb4W4jwTCSueV0SEsP4X/k4Zj2mWzeFPMVy8XcaTBITgCBWCDM1AF16AG6gCDIXgEz+DFeDCejFfjbd6aMhYzOfADxvsXavCUAg==</latexit>

m = |f(u1)|+ |tz2|
<latexit sha1_base64="3KxHUt1HrGgu/hOeZ6GlZZg4rgs=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBahXkpS2loPSsGLxwr2A5pQNttNu3SzCbsToZT+DS8eFPHqn/Hmv3HbpqCiDwYe780wM8+PBddg259WZm19Y3Mru53b2d3bP8gfHrV1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+OObud95YErzSN7DJGZeSIaSB5wSMJIL2JURXOGgSM77+YJdci6r5Vodp6S8IlXslOwFCihFs5//cAcRTUImgQqidc+xY/CmRAGngs1ybqJZTOiYDFnPUElCpr3p4uYZPjPKAAeRMiUBL9TvE1MSaj0JfdMZEhjp395c/MvrJRDUvSmXcQJM0uWiIBEYIjwPAA+4YhTExBBCFTe3YjoiilAwMeVMCKtP8f+kXS45tVLlrlJoXKdxZNEJOkVF5KAL1EC3qIlaiKIYPaJn9GIl1pP1ar0tWzNWOnOMfsB6/wL4bJEB</latexit>

t 6= f(a)

[Ibarra’77]  Reduction from PCP

<latexit sha1_base64="bTGzMeQeCl/5kxSuE557gdKpMLM="></latexit>

(u z, cm) 2 Rf if m 6= |f(u)| or z 6= f(u)

   is rational:  if <latexit sha1_base64="i3vci0WE5DZjhuaVvNEKpkzONiA="></latexit>

u1 a u2 z1 t z2
<latexit sha1_base64="JIcFhrdv4jGTamWDkkL6rNTmUVQ=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKW+tFCl481o/WQhvKZrtpl242YXcjlNCf4MWDIl79Rd78N27bFFT0wcDjvRlm5vkxZ0o7zqeVW1ldW9/Ibxa2tnd294r7B20VJZLQFol4JDs+VpQzQVuaaU47saQ49Dm998eXM//+gUrFInGnJzH1QjwULGAEayPd3vSDfrHk2O55tVyro4yUl6SKXNuZowQZmv3iR28QkSSkQhOOleq6Tqy9FEvNCKfTQi9RNMZkjIe0a6jAIVVeOj91ik6MMkBBJE0Jjebq94kUh0pNQt90hliP1G9vJv7ldRMd1L2UiTjRVJDFoiDhSEdo9jcaMEmJ5hNDMJHM3IrICEtMtEmnYEJYfor+J+2y7dbsynWl1LjI4sjDERzDKbhwBg24gia0gMAQHuEZXixuPVmv1tuiNWdlM4fwA9b7F517jgg=</latexit>

Rf
<latexit sha1_base64="8zX3lkEfph3Hvvr9C446XwSTyis=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GWZKW+tCKbhxWcE+oB1KJs20oUlmTDJCmfYn3LhQxK2/486/MW2noKIHLhzOuZd77/EjRpV2nE9rZXVtfWMzs5Xd3tnd288dHDZVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8kfXM7/1QKSiobjT44h4HA0EDShG2khtfjkJCvHZpJfLO7Z7US5WqjAlxSUpQ9d25siDFPVe7qPbD3HMidCYIaU6rhNpL0FSU8zINNuNFYkQHqEB6RgqECfKS+b3TuGpUfowCKUpoeFc/T6RIK7UmPumkyM9VL+9mfiX14l1UPUSKqJYE4EXi4KYQR3C2fOwTyXBmo0NQVhScyvEQyQR1iairAlh+Sn8nzSLtluxS7elfO0qjSMDjsEJKAAXnIMauAF10AAYMPAInsGLdW89Wa/W26J1xUpnjsAPWO9f+JWP8Q==</latexit>

m = |f(u)|  guess   with 

iff    PCP has no solution 
<latexit sha1_base64="ZXfhgt+oTF8CbAclzbHS32OVjIg="></latexit>

Rf [Rg = (A [B)⇤ ⇥ c⇤



Equivalence problem
Given two transducers, do they compute the same relation?

Equivalence of non-deterministic one-way transducers (1NFT) is 
undecidable. 

[Fischer-Rosenberg, Griffiths’68]  

1NFT

undecidabledecidable

2DFT

PSPACE-c
[Gurari’82] [Filiot-Reynier’17]

copyful DSST

  decidable

[Benedikt et al.’17]

DSST

PSPACE
[Alur-Cerny’10]



Equivalence problem

Single-valued transducer: at most one output per input word

To check equivalence, single-valuedness is as good as determinism!

PTime
[Blattner-Head’79]

1NFT

PSPACE-c: equivalence of 2NFA 
is in PSPACE [Vardi’89]

[Culik-Karhumäki’87] 

2NFT

decidable
[Alur-Deshmukh’11] 

NSST

PSPACE-c

single-valued relational



Equivalence problem
Single-valued transducer: at most one output per input word

Single-valuedness not yet the end for equivalence problem:

k-valued transducer: for every input word at most k outputs 
finitely-valued transducer: k-valued for some k

Equivalence of k-valued 1DFT (and 2DFT) is decidable. 

[Culik-Karhumäki’86] 



Overview

Word transductions 

automata  = logic

properties

class membership problems

expressions

Equivalence problem

finitely valued transducers

origin equivalence



Finitely valued 

k-valued transducer: for every input at most k different outputs

Equivalence of k-valued one-way transducers is decidable. 

[Culik-Karhumäki’86] 

[proved 1986 by Albert & Lawrence, and Guba]

Proof based on the Ehrenfeucht’s conjecture:

Every infinite system of word equations has a finite, equivalent subsystem

word equation   x y = z t             solution    x = b c    y = z = b   t = c b  



Equivalence of k-valued 1NFT 
is decidable. 

k =  3

[Culik-Karhumäki’86] 

1. show that there exists some m such that for any k-valued transducers 
with at most n states, their equivalence needs to be tested only on 
words up to length m 

2. show that m can be computed effectively

step 1: Ehrenfeucht’s conjecture step 2: Makanin’s algorithm for word equations

a   |    b  c

a   |    b 

a   |    b 

a   |   c   b 

a   |    b 



equivalent  to 
(Ehrenfeucht)

^

w2⌃m

_

groups

S

<latexit sha1_base64="sPrFRap8A1FopxPgMbYy0w+X6EA=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYFxVXBjctKrS10asmkt2MwyQzJHbUM/Rc3/oobF0px48J/Ma1d+DoQOJxzLjf3RKkUFn3/3ZuZnZtfWCwsFZdXVtfWSxublzbJDIcGT2RiWhGzIIWGBgqU0EoNMBVJaEY3p2O/eQvGikRf4CCFjmKxFn3BGTqpWzoJIxHfQS+Gbn5HQ6FpWBexYld5KIGq4ZCOA7fg7BDhHvPYJFlqnV7vlsp+xZ+A/iXBlJTJFLVuaRT2Ep4p0Mgls7Yd+Cl2cmZQcAnDYphZSBm/YTG0HdVMge3kkxuHdNcpPdpPjHsa6UT9PpEzZe1ARS6pGF7b395Y/M9rZ9g/7uRCpxmC5l+L+pmkmNBxYbQnDHCUA0cYN8L9lfJrZhhHV2vRlRD8PvkvudyvBAcV//ywXK1O6yiQbbJD9khAjkiVnJEaaRBOHsgTeSGv3qP37I28t6/ojDed2SI/4H18AsX7pZg=</latexit>

^

w2⌃⇤

_

groups

S
<latexit sha1_base64="HZQ56YB94GOrc1ZqZ/ge4ZqoyMk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhDEItxpQMuAjWVEYwK5GPY2k3Nxb+/YnVPDcX/Exr9iY6GIhY34b9x8FGp8MPB4b4aZeUEihUHX/XJmZufmFxYLS8XlldW19dLG5qWJU82hwWMZ61bADEihoIECJbQSDSwKJDSDm5Oh37wFbUSsLnCQQCdioRJ9wRlaqVuq+oEI76AXQje7o75Q1D8XYcSu9nM6tG7BGj7CPWahjtPE5Dk975bKbsUdgU4Tb0LKZIJ6t/Th92KeRqCQS2ZM23MT7GRMo+AS8qKfGkgYv2EhtC1VLALTyUbf5XTXKj3aj7UthXSk/pzIWGTMIApsZ8Tw2vz1huJ/XjvF/nEnEypJERQfL+qnkmJMh1HRntDAUQ4sYVwLeyvl10wzjjbQog3B+/vyNLk8qHiHFfesWq7VJnEUyDbZIXvEI0ekRk5JnTQIJw/kibyQV+fReXbenPdx64wzmdkiv+B8fgOMNKLU</latexit>

❖ System of equations expresses equalities between output groups

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 

x1  x3   x5 …  x5   = x2  x4  x5  …  x5         on input              
| {z }

m
<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

| {z }
m

<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

am+2
<latexit sha1_base64="tIiAxYOHmC4rU3RVOLHUK8llV9I=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIQtmtgh48FLx4rGA/oN2WbJptQ5PskmSVsuz/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gvHt1G89UqVZJB/MJKa+wEPJQkawsVIv7eowxVnWS8V5NeuXym7FnQEtEy8nZchR75e+uoOIJIJKQzjWuuO5sfFTrAwjnGbFbqJpjMkYD2nHUokF1X46uzpDp1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvelPxP6+TmPDaT5mME0MlmS8KE45MhKYRoAFTlBg+sQQTxeytiIywwsTYoIo2BG/x5WXSrFa8i4p7f1mu3eRxFOAYTuAMPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox7x1xclnjuAPnM8fxlSSqA==</latexit>

Given two transducers, replace output words by variables

k-valued, one-way implies 
bounded outdegree 

❖ For every input word:   group outputs of each transducer in at most k groups



Equivalence of k-valued 1NFT 
is decidable. 

Find m effectively:     
<latexit sha1_base64="5L5g8zAdlXY8rpBf1TW8CGwjujQ="></latexit> ^

w2Am

_

groups

S =
^

w2Am+1

_

groups

S

<latexit sha1_base64="cSre1zsblSJmAV5FeJDCW+PhZ+8="></latexit>

T1 ⌘m T2 if T1, T2 equivalent over ⌃m

Show inductively 
<latexit sha1_base64="XXqSfi9y7nKdP7rsM/kxOQdiuq8="></latexit>

T1 ⌘N T2 i↵ T1 ⌘m T2 for all N � m using 
<latexit sha1_base64="EkCbkTtm8t5BKglusVsLRBXkTuI=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklpawUPBS8eK/YL2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdumoKIPBh7vzTAzz485U9pxPq219Y3Nre3cTn53b//gsHB03FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mZ+50HKhWLRFNPY+qFeCRYwAjWRrpvDvCgUHRs96pSqtZQRkorUkGu7SxQhAyNQeGjP4xIElKhCcdK9Vwn1l6KpWaE01m+nygaYzLBI9ozVOCQKi9dnDpD50YZoiCSpoRGC/X7RIpDpaahbzpDrMfqtzcX//J6iQ5qXspEnGgqyHJRkHCkIzT/Gw2ZpETzqSGYSGZuRWSMJSbapJM3Iaw+Rf+Tdsl2q3b5rlysX2dx5OAUzuACXLiEOtxCA1pAYASP8AwvFreerFfrbdm6ZmUzJ/AD1vsXmFmOAw==</latexit>

Ta

equivalent  to
<latexit sha1_base64="wUfESrt5ovGRtYmtz5ob/FRrJTA="></latexit> ^

w2A⇤

_

groups

S
<latexit sha1_base64="7NoO1wUmx4jjGlp4vvQ3Z7dJkKI="></latexit> ^

w2Am

_

groups

S

“Left quotient” Ta(w) := T (aw)
<latexit sha1_base64="yNVRUhmPikWApx3bMe0uRdb2yOo=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSK0l5KooIhCwYvHCv2CNpTNdtMu3WzC7qalhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzz485U9pxvq219Y3Nre3cTn53b//g0D46bqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTHz7M/OaISsUiUdOTmHoh7gsWMIK1kbq2Xevi4riEbtE9qhXxuNS1C07ZmQOtEjcjBchQ7dpfnV5EkpAKTThWqu06sfZSLDUjnE7znUTRGJMh7tO2oQKHVHnp/PIpOjdKDwWRNCU0mqu/J1IcKjUJfdMZYj1Qy95M/M9rJzq48VIm4kRTQRaLgoQjHaFZDKjHJCWaTwzBRDJzKyIDLDHRJqy8CcFdfnmVNC7K7mXZeboqVO6yOHJwCmdQBBeuoQKPUIU6EBjBM7zCm5VaL9a79bFoXbOymRP4A+vzB0r/kXc=</latexit>

a 2 ⌃
<latexit sha1_base64="DI0QeGTguTiIt/uUg0sdn0NFLRw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokKevBQ8OKxov2AJpTNdtMu3d3E3U2hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzL0w408Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN3mfntMlWaxfDSThAYCDySLGMHGSgFGPpPIf2ADgcu9StWtuTOgZeIVpAoFGr3Kl9+PSSqoNIRjrbuem5ggw8owwum07KeaJpiM8IB2LZVYUB1ks6On6NQqfRTFypY0aKb+nsiw0HoiQtspsBnqRS8X//O6qYmug4zJJDVUkvmiKOXIxChPAPWZosTwiSWYKGZvRWSIFSbG5pSH4C2+vExa5zXvoubeX1brN0UcJTiGEzgDD66gDnfQgCYQeIJneIU3Z+y8OO/Ox7x1xSlmjuAPnM8fVW2RIw==</latexit>

(same number of states and outdegree, so same m)



First issue: bounded outdegree no longer obvious: e.g. x = (bc)^j x (bc)^{n-j}

Equivalence of k-valued NSST is decidable. 
[M., Puppis 2019]

a   |   x = x  b c

a   |   x = c  x

a   |   x = c b  x

a   |   x = x c  

Normalization: invariant about periods of register and gaps

Example (left):         c    b c b c   b c b c b c    =   final output
| {z }

<latexit sha1_base64="lQXEa2m6vW3q30XzMw4/mXcr4Fg=">AAACDnicdVA9SwNBEN3zM8avqKXNYhCswl00GruAjWUEE4VcCHubSbJkb+/YnRPDcb/Axr9iY6GIrbWd/8bNh6CiDwYe780wMy+IpTDouh/O3PzC4tJybiW/ura+sVnY2m6aKNEcGjySkb4OmAEpFDRQoITrWAMLAwlXwfBs7F/dgDYiUpc4iqEdsr4SPcEZWqlT2PcT1QUdaMYh9RFuMfXjAVMYhWkwRZZlnULRLXmnlfJxlc5I+YtUqFdyJyiSGeqdwrvfjXgSgkIumTEtz42xnTKNgkvI8n5iIGZ8yPrQslSxEEw7nbyT0X2rdGkv0rYU0on6fSJloTGjMLCdIcOB+e2Nxb+8VoK9ajsVKk4QFJ8u6iWSYkTH2dCu0MBRjixhXAt7K+UDZqNBm2DehvD1Kf2fNMsl77BUuTgq1qqzOHJkl+yRA+KRE1Ij56ROGoSTO/JAnsizc+88Oi/O67R1zpnN7JAfcN4+Ae5wne8=</latexit>

x



Several normalization steps:

Equivalence of k-valued NSST is decidable. 

❖ associate invariants with states: information about 
boundedness or periodicity of register content, resp. 
(future) gap content 

121:4 Equivalence of finite-valued streaming string transducers is decidable

Outputs and finite-valuedness. The output of a successful run fl ∶ q0
w�f��→ qn is defined

as out(fl) = (f0 ○ f)(xout), where f0(x) = Á for all x ∈ X. Sometimes, we write out(f) in
place of out(fl). The relation realized by an SST is the set of pairs (u, v) ∈ �∗ × �∗, where u
is a well-formed input (namely, terminating with �) and v is the output associated with some
successful run on u. An SST is k-valued if for every input u, there are at most k di�erent
outputs associated with u. It is single-valued (resp. finite-valued) if it is k-valued for k = 1
(resp. for some k ∈ N). The domain an SST T , denoted Dom(T ), is the set of input words
that have some successful run in T . Two SST T1, T2 are equivalent, denoted as T1 ≡ T2, if
they realize the same relation over �∗ × �∗.
Register valuations. A register valuation is a function from X to �∗. Given a successful
run fl ∶ q0

a1�f1��→ q1
a2�f2��→ . . . an�fn��→ qn and a position i ∈ {0, . . . , n} in it, the register valuation at

position i in fl is the function valfl,i that is defined inductively on i as follows: valfl,0(x) = Á,
for all x ∈X, and valfl,i+1 = valfl,i ○ fi. Note that valfl,n(xout) coincides with the final output
out(f1 ○ ⋅ ⋅ ⋅ ○ fn) produced by fl.

3 Normalizations

A major stumbling block in deciding equivalence of SST, as well as other crucial problems, lies
in the fact that the same output can be produced by very di�erent runs. This phenomenon
already appears with much simpler transducers, e.g. with one-way transducers, where runs
may produce the same output, but at di�erent speeds. However, the phenomenon is more
subtle for SST, as the output is produced piece-wise, and not sequentially: runs with same
output may appear to be di�erent in many ways, e.g. in terms of the flows of the register
updates, or in terms of shifts of portions of the output. The goal of this section is to provide
suitable normalization steps that remove, one at a time, the above mentioned degrees of
freedom in producing the same output.

Another issue that we will be concerned with is the compatibility of the normalization
steps with constructions on transducers that shortcut arbitrary long runs into a single
transition. Essentially, we aim at having an e�ective notion of equivalence w.r.t. final outputs
that works not only for transitions but also for runs.
Normalization of flows. In this section, m will always denote the number of registers of
an SST and X = {x1, . . . , xm} the set of registers. It is convenient to equip X with a total
order, say x1 < ⋅ ⋅ ⋅ < xm. Accordingly, we let ‰ = x1 . . . xm be the juxtaposition of all register
names, and f(‰) = f(x1) . . . f(xm) for every register update f .

We say that a register update f is non-erasing if for every register x, f(‰) contains at
least an occurrence of x (in fact, exactly one, since T is copyless). This can be rephrased as
a property of the flow of f , where every node on the left must have an outgoing arrow. In a
similar way, we say that f is non-permuting if registers appear in f(‰) with their natural
order and without jumps, that is, f(‰) ∈ �∗x1�∗ . . . �∗xk�∗, for some k ≤m. As before, this
can be rephrased by saying that the arrows in the flow of f must not be crossing, and the
target nodes to the right must form a prefix of ‰. Below are some examples of updates with
their flows: the first update f is erasing, the second update g is non-erasing but permuting,
and the third update h is non-erasing and non-permuting.

f ∶ x1 � _ x1 _ x3 _
x2 � _
x3 � _

g∶ x1 � _ x1 _ x3 _
x2 � _
x3 � _ x2 _

h∶ x1 � _ x1 _ x2 _
x2 � _ x3 _
x3 � _

❖ make registers non-erasing, 
non-permuting

a   |   x = x  b c

a   |   x = c  x

c b c b c b c b c b c b c   

left gap bounded (c)

right gap period bc

x: period bc



Equivalence of k-valued NSST is decidable. 

Let T be k-valued NSST. 

❖ We can show that the outdegree of each state  bounded by a 
constant depending on k and the number of states and registers.

Consequence:  for fixed alphabets/number of registers/states, the set 
of k-valued NSST is finite.

❖ Based on = invariants, two transitions (between the same pair of 
states) are either always output-equivalent, or never.



Consequence:  for fixed alphabets/number of registers/states and 
outdegree, the set C of k-valued NSST is finite.

Next step: show that for any T as above and 
input word u, the “u-quotient” belongs to C

Tu(w) := T (uw)
<latexit sha1_base64="fN0GdUgQIuiPo+1T4STOuigRD9w=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCuymJCoooFNy4rNAXtCFMppN26GQS5mGpoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5AwKpXjfFu5tfWNza38dmFnd2+/aB8ctmSsBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIORnczv/1IhKQxb6hJQrwIDTgNKUbKSL5dbPi6PK7A61vYKOtxxbdLTtWZA64SNyMlkKHu21+9fox1RLjCDEnZdZ1EeSkSimJGpoWeliRBeIQGpGsoRxGRXjo/fApPjdKHYSxMcQXn6u+JFEVSTqLAdEZIDeWyNxP/87pahVdeSnmiFeF4sSjUDKoYzlKAfSoIVmxiCMKCmlshHiKBsDJZFUwI7vLLq6R1VnXPq87DRal2k8WRB8fgBJSBCy5BDdyDOmgCDDR4Bq/gzXqyXqx362PRmrOymSPwB9bnDzACkXU=</latexit>

(Naive construction preserves the number of states/registers, but not the outdegree.)

Equivalence of k-valued NSST is decidable. 



Ehrenfeucht: there is some N such that the set of words of length at 
most N is a test set for all k-valued NSST in C.

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 equivalence over words of length at most N

How do we compute N? inductively

Assume that we found N such that  
<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2iff

for all transducers from C

How? E.g. using an algorithm for solving word equations (Makanin)

Equivalence of k-valued NSST is decidable. 



Ta(w) := T (aw)
<latexit sha1_base64="dFFI9lQ3WmGayyVAZMzple0zki8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIySXsqqCIQsCLxwh5QbIss5PZZMjsg5lZQ1zyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39onlw2JJRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q389uPVEgWhQ01iakT4EHIfEaw0pJrFhsuLo8r6PoWNcp4XHHNklW15kCrxM5ICTLUXfOr149IEtBQEY6l7NpWrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvgUnWqlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/clIWxomiIVks8hOOVIRmKaA+E5QoPtEEE8H0rYgMscBE6awKOgR7+eVV0jqr2udV6+GiVLvJ4sjDMZxAGWy4hBrcQx2aQCCBZ3iFN+PJeDHejY9Fa87IZo7gD4zPH/I7kU0=</latexit>

T1 ⌘r+1 T2
<latexit sha1_base64="5Ap6oUpYjN/jdtPpyL/KZO/aGpw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCoqrghuXFfqCNoTJ9LYdOpnEmUmhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN5O/eYIpGKRqOlxDF5I+oL1GCXaSL59VPNd3IGHhI38VJ67E1zzy75ddErODHiZuBkpogxV3/7qdCOahCA05USptuvE2kuJ1IxymBQ6iYKY0CHpQ9tQQUJQXjq7foJPjdLFvUiaEhrP1N8TKQmVGoeB6QyJHqhFbyr+57UT3bv2UibiRIOg80W9hGMd4WkUuMskUM3HhhAqmbkV0wGRhGoTWMGE4C6+vEwa5ZJ7UXLuL4uVmyyOPDpGJ+gMuegKVdAdqqI6ougRPaNX9GY9WS/Wu/Uxb81Z2cwh+gPr8wfPzJQh</latexit>

iff T1,a ⌘r T2,a
<latexit sha1_base64="FFUKGGI89s9WujxAjJ14uERB6Gw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElqYLiquDGZYXeoA1hMj1ph04uzkwKJQTc+CpuXCji1pdw59s4bbPQ1h8Gfr5zDmfO78WcSWVZ30ZhZXVtfaO4Wdra3tndM/cPWjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3up3W22MQkkVhQ01icAIyCJnPKFEaueZRw03tc5LhHjwkbOymIsMaVTVyzbJVsWbCy8bOTRnlqrvmV68f0SSAUFFOpOzaVqyclAjFKIes1EskxISOyAC62oYkAOmksxsyfKpJH/uR0C9UeEZ/T6QkkHISeLozIGooF2tT+F+tmyj/2klZGCcKQjpf5CccqwhPA8F9JoAqPtGGUMH0XzEdEkGo0rGVdAj24snLplWt2BcV6/6yXLvJ4yiiY3SCzpCNrlAN3aE6aiKKHtEzekVvxpPxYrwbH/PWgpHPHKI/Mj5/APH2lws=</latexit>

<latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a

<latexit sha1_base64="FzoFhpHZkc4D+/MGxtfFa1sQSAg="></latexit>

T1 ⌘r T2 () T1 ⌘N T2
<latexit sha1_base64="6e4ucFmwqLyBEajNVWJHqUngfHo="></latexit>

for all r � N and T1, T2 2 X

Equivalence of k-valued NSST is decidable. 

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 iff
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2

iff <latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a
<latexit sha1_base64="46vH0q4Cu264l7SzcbCnRwfwHtg=">AAACBXicdZDLSsNAFIYn9VbrLepSF4NFcKElCbZWVwU3Liv0Bm0Ik+mkHTq5ODMplJCNG1/FjQtF3PoO7nwbp20KKvrDwM93zuHM+d2IUSEN41PLLS2vrK7l1wsbm1vbO/ruXkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dH1tN4eEy5oGDTkJCK2jwYB9ShGUiFHP2w4iXmKUtgjdzEdOwk/M1OooKWgoxeNknlZtipVmBlrYcrQLBkzFUGmuqN/9Pohjn0SSMyQEF3TiKSdIC4pZiQt9GJBIoRHaEC6ygbIJ8JOZlek8FiRPvRCrl4g4Yx+n0iQL8TEd1Wnj+RQ/K5N4V+1biy9qp3QIIolCfB8kRczKEM4jQT2KSdYsokyCHOq/grxEHGEpQquoEJYXAr/Ny2rZFZK1u15sXaVxZEHB+AInAATXIAauAF10AQY3INH8AxetAftSXvV3uatOS2b2Qc/pL1/AVZql9Y=</latexit>

T1,a ⌘r�1 T2,a

iff
<latexit sha1_base64="33k2TRN0rpfLzniAMPcTMwrHpEo=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIUk2FpdFdy4rNAXtCFMppN26OThzKRQYhb+ihsXirj1N9z5N07bFFT0wIXDOfdy7z1ezKiQpvmpFVZW19Y3ipulre2d3T19/6AtooRj0sIRi3jXQ4IwGpKWpJKRbswJCjxGOt74euZ3JoQLGoVNOY2JE6BhSH2KkVSSqx813dTKYJ/cJXTipjyDSrAzVy+bhnVZsas1mBN7SSrQMsw5yiBHw9U/+oMIJwEJJWZIiJ5lxtJJEZcUM5KV+okgMcJjNCQ9RUMUEOGk8/szeKqUAfQjriqUcK5+n0hRIMQ08FRngORI/PZm4l9eL5F+zUlpGCeShHixyE8YlBGchQEHlBMs2VQRhDlVt0I8QhxhqSIrqRCWn8L/Sds2rKph356X61d5HEVwDE7AGbDABaiDG9AALYDBPXgEz+BFe9CetFftbdFa0PKZQ/AD2vsXDsOWIg==</latexit>

T1 ⌘r T2



Open questions

Decomposition theorem for finitely-valued NSST?  
    
   Every k-valued one-way transducer can be decomposed into k     
single-valued one-way transducers. 

   
If similar statement holds for NSST then:  
                 NSST = 2NFT  holds in finite-valued case (conjectured).

    [Weber’96, Sakarovitch, de Souza’08] 



Overview

Word transductions 

automata  = logic

properties

class membership problems

expressions

Equivalence problem

finitely valued transducers

origin equivalence

copyful transducers 



Equivalence of copyful DSST is decidable. 

[Filiot-Reynier’17] [Benedikt et al.’17]

❖ A. A.Markov (~ 1948):  encoding words by integers

Every 2x2 matrix with non-negative integer entries and determinant 1 can be 
encoded in a unique way as product of matrices:

<latexit sha1_base64="wtbSSVhlRwip4amyoIaP4Bt+zeo="></latexit>

M0 =

✓
1 1
0 1

◆ <latexit sha1_base64="xMNW7lOekjvsYRjV2yigAASxO1g=">AAACGHicdVDLSsNAFJ34Nr6qLt0MFsVVTYKtulAEN26ECtYWmhAm09s6dDIJMxOxhH6GG3/FjQtF3Lrzb5w+FBU9MMzhnHu5954o5Uxpx3m3Jianpmdm5+bthcWl5ZXC6tqVSjJJoUYTnshGRBRwJqCmmebQSCWQOOJQj7qnA79+A1KxRFzqXgpBTDqCtRkl2khhYfc8dI/8CDpM5GlMtGS3fdvF29jx/eHv2j6I1pcXFopOyT0se5UDPCbeJyljt+QMUURjVMPCm99KaBaD0JQTpZquk+ogJ1IzyqFv+5mClNAu6UDTUEFiUEE+PKyPt4zSwu1Emic0HqrfO3ISK9WLI1Np9rtWv72B+JfXzHT7IMiZSDMNgo4GtTOOdYIHKeEWk0A17xlCqGRmV0yviSRUmyxtE8Lnpfh/cuWV3ErJu9grnhyP45hDG2gT7SAX7aMTdIaqqIYoukMP6Ak9W/fWo/VivY5KJ6xxzzr6AevtA5GnnkU=</latexit>

M1 =

✓
1 0
1 1

◆

copyful:  registers can occur 
multiple times in updates

❖ Encode binary string by (value, 2^length), e.g. 011 encoded by (3,8)

Concatenation 
<latexit sha1_base64="+LAqMOPdc1l+qpq6EilJ/bOLtwg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSSlKJuKgU3LivYB7QhTKaTdujkwTwCJdSNv+LGhSJu/Qt3/o3TNgttPTBw7jn3cuceL2ZUSMv6NnJr6xubW/ntws7u3v6BeXjUFpHimLRwxCLe9ZAgjIakJalkpBtzggKPkY43vp35nYRwQaPwQU5i4gRoGFKfYiS15Jonql5Srl1WbvWiDJN6KdFFogvXLFoVaw64SuyMFEGGpmt+9QcRVgEJJWZIiJ5txdJJEZcUMzIt9JUgMcJjNCQ9TUMUEOGk8wum8FwrA+hHXL9Qwrn6eyJFgRCTwNOdAZIjsezNxP+8npL+tZPSMFaShHixyFcMygjO4oADygmWbKIJwpzqv0I8QhxhqUMr6BDs5ZNXSbtasS8rtftasXGTxZEHp+AMlIANrkAD3IEmaAEMHsEzeAVvxpPxYrwbH4vWnJHNHIM/MD5/AI3ZlGM=</latexit>

u = (u1, u2), v = (v1, v2)

<latexit sha1_base64="D4bZH4MupGjbMBViRuipn1EWd84=">AAACGHicbVDLSsNAFJ34rPUVdelmsAgVpSalqBul4MZlBfuANoTJdNIOnUzCPAql9DPc+CtuXCjitjv/xkmbhbYeGDj3nHu5c0+QMCqV43xbK6tr6xubua389s7u3r59cNiQsRaY1HHMYtEKkCSMclJXVDHSSgRBUcBIMxjcp35zSISkMX9So4R4EepxGlKMlJF8+7KoffdC++Uz2MFUYFgcmnqY1repZdh5qkDTkqq+XXBKzgxwmbgZKYAMNd+edrox1hHhCjMkZdt1EuWNkVAUMzLJd7QkCcID1CNtQzmKiPTGs8Mm8NQoXRjGwjyu4Ez9PTFGkZSjKDCdEVJ9ueil4n9eW6vwxhtTnmhFOJ4vCjWDKoZpSrBLBcGKjQxBWFDzV4j7SCCsTJZ5E4K7ePIyaZRL7lWp8lgpVO+yOHLgGJyAInDBNaiCB1ADdYDBM3gF7+DDerHerE/ra966YmUzR+APrOkPJZ2cGQ==</latexit>

(u1, u2) � (v1, v2) = (u1v2 + v1, u2v2)



Equivalence of copyful DSST is decidable. 

❖ (Copyful) DSST turn into word-to-integer transducers with registers and 
polynomial operations on registers: 

[Benedikt et al.’17]  polynomial automata

❖ Equivalence of copyful DSST reduces to zeroness problem for 
polynomial automata:

Build the product of (encodings of) DSST T1, T2; 
output = difference of output registers 
T1 = T2 iff the output is constantly 0 



[Benedikt et al.’17], [Seidl,-Maneth-Kemper’15]

Zeroness of polynomial automata  is decidable. 

[Bojanczyk, SIGLOG’19]

Two semi-algorithms: the first one searches input with non-zero output. 

The other semi-algorithm searches a proof for the polynomial automaton 
being constantly zero using Hilbert’s Basis Theorem.

polynomial invariants
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Origin equivalence

[Bojańczyk’14]

“Tag” each output symbol with the input position where it was generated: 
output alphabet is 

<latexit sha1_base64="/T6eJiEQ0WYSXEbI3NqGbOGQjZc=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5AUW+tGCi50JRXsA5pQJtNJO3QmCTMToYS68VfcuFDErX/hzr9x0qagogcuHM65l3vv8WNGpbLtT2NhcWl5ZbWwVlzf2NzaNnd2WzJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2RxeZ374jQtIovFXjmHgcDUIaUIyUlnrmvnuJOEfQVZQTCV2O1ND30+tJzyzZlnNWKVdrMCflOalAx7KnKIEcjZ754fYjnHASKsyQlF3HjpWXIqEoZmRSdBNJYoRHaEC6moZI7/PS6QcTeKSVPgwioStUcKp+n0gRl3LMfd2ZXSh/e5n4l9dNVFDzUhrGiSIhni0KEgZVBLM4YJ8KghUba4KwoPpWiIdIIKx0aEUdwvxT+D9plS2napVvTkr18zyOAjgAh+AYOOAU1MEVaIAmwOAePIJn8GI8GE/Gq/E2a10w8pk98APG+xeTsZb/</latexit>

�⇥ N

Origin information brings word transducers closer to automata:

❖ Regular word functions with origin information enjoy a Myhill-Nerode 
congruence: machine-independent characterisation 

❖ First-order definable regular word functions have an effective 
characterisation 

❖ Less combinatorics, more decidability



Origin equivalence [Bojańczyk’14]

First-order definable regular word functions have an effective characterisation

Regular word functions with origin information enjoy a Myhill-Nerode 
congruence: machine-independent characterisation 

derivatives: left-right, left, right
<latexit sha1_base64="VeI6+bNBi6y9Hpy1hNC5HCg5QAs=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBahXkoiRT0oFLx4rGI/oI1ls920SzebsLuxlNC/4cWDIl79M978N27bHLT1wcDjvRlm5vkxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHN1G8+UalYJB70OKZeiPuCBYxgbaROUBqdoms0erxHo65ddMrODGiZuBkpQoZa1/7q9CKShFRowrFSbdeJtZdiqRnhdFLoJIrGmAxxn7YNFTikyktnN0/QiVF6KIikKaHRTP09keJQqXHom84Q64Fa9Kbif1470cGllzIRJ5oKMl8UJBzpCE0DQD0mKdF8bAgmkplbERlgiYk2MRVMCO7iy8ukcVZ2z8uVu0qxepXFkYcjOIYSuHABVbiFGtSBQAzP8ApvVmK9WO/Wx7w1Z2Uzh/AH1ucPBVGQXg==</latexit>

f(w) = wRw
<latexit sha1_base64="OidHKTvJsw5E61qpIoOzhg8fbcw="></latexit>

f`,r(v) = r vR ` v r
<latexit sha1_base64="yz47+LKr+XDcCyGOJNZRH+pjk+M="></latexit>

f`(v) = vR ` v
<latexit sha1_base64="alOvFTOGKDuPdWMnEVPNxcXLb/s=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZmRooIKBTcuq9gHdMaSSe+0oZkHSaZQhoIbf8WNC0Xc+hPu/BvTdhbaeuBeDufcS3KPF3MmlWV9GwuLS8srq7m1/PrG5ta2ubNbl1EiKNRoxCPR9IgEzkKoKaY4NGMBJPA4NLz+9dhvDEBIFoX3ahiDG5BuyHxGidJS29z326kDnI+Kg2N8hfHg4Q7rjp0L3DYLVsmaAM8TOyMFlKHaNr+cTkSTAEJFOZGyZVuxclMiFKMcRnknkRAT2iddaGkakgCkm05uGOEjrXSwHwldocIT9fdGSgIph4GnJwOienLWG4v/ea1E+eduysI4URDS6UN+wrGK8DgQ3GECqOJDTQgVTP8V0x4RhCodW16HYM+ePE/qJyX7tFS+LRcql1kcOXSADlER2egMVdANqqIaougRPaNX9GY8GS/Gu/ExHV0wsp099AfG5w8lKpU/</latexit>

f`(v) = vRv

A word function with origin semantics is regular iff it has finitely many left 
and finitely many right derivatives.



Origin equivalence
“Tag” each output symbol with its origin

Origin-equivalence of 2NFT is decidable: PSPACE-complete. 

[Bose, M., Penelle, Puppis’18]  

Transducers T, T’ are origin-equivalent if they are equivalent in the 
origin semantics. 

Idea: origin-equivalence for 2NFT reduces to “runs of same shape”.

a a a a a a a a a a

a a a a a a a a a a
…

not origin-equivalent 



Origin-equivalence of DSST in PSPACE. 

0

1

2

a   |  x1 = x1 c, 
         x2 = x2, x3 = x3 

a   |  x2 = x2 c,
          x3 = x3, x1 = x1

a   |  x3 = x3 c,
       x1 = x1, x2 = x2 

s a   |  y1 = y2 c,
       y2 = y3, y3 = y1 

out(0) = x3 x1 x2
out(1) = x1 x2 x3
out(2) = x2 x3 x1

out(s) = y1  y2 y3 

Idea: origin-equivalence for DSST through backward propagation of 
constraints (= simple word equations)



out(1) = out(s)      x3 x1 x2 = y1 y2 y3

(1,s) <— (3,s)       x3 c x1 x2 = y2 c y3 y1           x3 = y2, x1 x2 = y3 y1
(3,s) <— (2,s)       x3 = y3,  x1 x2 c = y1 y2 c                   x1 x2 = y1 y2
(2,s) <— (1,s)       x3 = y1,  x1 c  x2 = y2 c y3               x1 = y2, x2 = y3

1

2

3

a   |  x1 = x1 c, 
         x2 = x2, x3 = x3 

a   |  x2 = x2 c,
          x3 = x3, x1 = x1

a   |  x3 = x3 c,
       x1 = x1, x2 = x2 

s a   |  y1 = y2 c,
       y2 = y3, y3 = y1 

out(1) = x3 x1 x2
out(2) = x1 x2 x3
out(3) = x2 x3 x1

out(s) = y1  y2 y3 

Origin-equivalence of DSST in PSPACE. 



out(1) = out(s)      x3 x1 x2 = y1 y2 y3

1

2

3

a   |  x1 = x1 c, 
         x2 = x2, x3 = x3 

a   |  x2 = x2 c,
          x3 = x3, x1 = x1

a   |  x3 = x3 c,
       x1 = x1, x2 = x2 

s a   |  y1 = y2 c,
       y2 = y3, y3 = y1 

out(1) = x3 x1 x2
out(2) = x1 x2 x3
out(3) = x2 x3 x1

out(s) = y1  y2 y3 

Invariants:    at state 1                  x1 = y2, x2 = y3, x3 = y1
at state 2                  x1 = y1, x2 = y2, x3 = y3
at state 3                  x1 = y3, x2 = y1, x3 = y2

Origin-equivalence of DSST in PSPACE. 



Termination: if no inconsistency detected during propagation 

Is based on Ehrenfeucht’s conjecture + Makanin

Algorithm: 


❖ build product of SST  

❖ compute backwards constraints of the form 

T1, T2

<latexit sha1_base64="gJujhfz9HsRu200DaS6QwELLgoM=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhAsJNzFgBYWARvLCPmS5Dj2NnvJkt29Y3dPCEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeWHCmTau++2srW9sbm0Xdoq7e/sHh6Wj47aOU0Voi8Q8Vt0Qa8qZpC3DDKfdRFEsQk474fhu5neeqNIslk0zSagv8FCyiBFsrPTYDLxL1AyqKCiV3Yo7B1olXk7KkKMRlL76g5ikgkpDONa657mJ8TOsDCOcTov9VNMEkzEe0p6lEguq/Wx+8BSdW2WAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vF5qohs/YzJJDZVksShKOTIxmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtoQvOWXV0m7WvFqlauHWrl+m8dRgFM4gwvw4BrqcA8NaAEBAc/wCm+Ocl6cd+dj0brm5DMn8AfO5w+6Do8J</latexit>

↵ = �, ↵ 2 R⇤
1, � 2 R⇤

2

<latexit sha1_base64="/2qpuAXRI90gTlrii+CtyDNsOMM=">AAACInicbZDLSgMxFIYz9VbrrerSTbAIUqTM1IKKCgU3LqvYC3TaciZN29BMZkwyQil9Fje+ihsXiroSfBjTdhbaekLg5/vPITm/F3KmtG1/WYmFxaXlleRqam19Y3Mrvb1TUUEkCS2TgAey5oGinAla1kxzWgslBd/jtOr1r8Z+9YFKxQJxpwchbfjQFazDCGiDWukzF3jYg0vXoxqOsHsfQRtPGXaZwLctp5k1/NyccUsM881sK52xc/ak8LxwYpFBcZVa6Q+3HZDIp0ITDkrVHTvUjSFIzQino5QbKRoC6UOX1o0U4FPVGE5WHOEDQ9q4E0hzhcYT+ntiCL5SA98znT7onpr1xvA/rx7pzmljyEQYaSrI9KFOxLEO8Dgv3GaSEs0HRgCRzPwVkx5IINqkmjIhOLMrz4tKPucUcsc3hUzxIo4jifbQPjpEDjpBRXSNSqiMCHpEz+gVvVlP1ov1bn1OWxNWPLOL/pT1/QMe+KF+</latexit>

Copyful: registers can occur multiple times in RHS

Origin-equivalence of copyful 
DSST is decidable. 



Alternatively: reduction to (classical) equivalence of copyful DSST [Filiot]

❖ additional register m, additional output symbol #


❖ update x := a y x b replaced by x : a m y x b m


❖ m : = m #   at each transition

Origin-equivalence of copyful 
DSST is decidable. 



Unary output alphabet

  Origin-equivalence over arbitrary output alphabet is polynomially  
reducible to origin-equivalence over unary alphabet.

For classical equivalence unary alphabets are presumably easier:

Equivalence of copyful DSST with unary output alphabet is in PTIME 
(Karr’s algorithm, cf. MüllerOlm-Seidl’04)

Equivalence of copyful DSST is in Ackermann (Benedikt et al.’17)



Open questions

❖ Complexity of equivalence of deterministic SST? 
❖ Same for origin-equivalence of DSST? 
❖ Decidability of equivalence for pebble transducers? Or even 

comparison-free pebble transducers?



Resynchronizations
Classical equivalence of 2DFT or DSST is difficult because 
same outputs can be generated in very different manners. 

<latexit sha1_base64="GGOMi4KmPygdLYCI+3uBF0cFXAQ=">AAACAXicbVDJSgNBEO2JW4xb1IvgpTEIHkKYkaAeDAS8eIxgFsgMoaanJ2nSs9DdIxmGePFXvHhQxKt/4c2/sbMcNPFBweO9KqrquTFnUpnmt5FbWV1b38hvFra2d3b3ivsHLRklgtAmiXgkOi5IyllIm4opTjuxoBC4nLbd4c3Ebz9QIVkU3qs0pk4A/ZD5jIDSUq94ZINU2A6Yh0e4hmFUtss4rUHaK5bMijkFXibWnJTQHI1e8cv2IpIENFSEg5Rdy4yVk4FQjHA6LtiJpDGQIfRpV9MQAiqdbPrBGJ9qxcN+JHSFCk/V3xMZBFKmgas7A1ADuehNxP+8bqL8KydjYZwoGpLZIj/hWEV4Egf2mKBE8VQTIILpWzEZgACidGgFHYK1+PIyaZ1XrItK9a5aql/P48ijY3SCzpCFLlEd3aIGaiKCHtEzekVvxpPxYrwbH7PWnDGfOUR/YHz+APlElUo=</latexit>

⇤ | x = ax, y = ay

<latexit sha1_base64="9u4uTdk4+x6VQ46GsopxEJZv0Jg=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyWRoj0WvHisYD+gDWWz3bRLN5uwOyuNob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOFLjut7WxubW9s1vYK+4fHB6V7OOTtoq1JLRFYh7LboAV5UzQFjDgtJtIiqOA004wuZ37nUcqFYvFA6QJ9SM8EixkBIORBnapD3QKWaxhVpkG6eXALrtVdwFnnXg5KaMczYH91R/GREdUAOFYqZ7nJuBnWAIjnM6Kfa1ogskEj2jPUIEjqvxscfjMuTDK0AljaUqAs1B/T2Q4UiqNAtMZYRirVW8u/uf1NIR1P2Mi0UAFWS4KNXcgduYpOEMmKQGeGoKJZOZWh4yxxARMVkUTgrf68jppX1W962rtvlZu1PM4CugMnaMK8tANaqA71EQtRJBGz+gVvVlP1ov1bn0sWzesfOYU/YH1+QMSdJNV</latexit>

out(xby)

<latexit sha1_base64="sklfSm9wssB4GbnvROcNTXp4/dg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZMV+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmseyYSYJ+hEdSh5yRo2VHht9r1+uuFV3DrJKvJxUIEe9X/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nroupdVS8fLiu12zyOIpzAKZyDB9dQg3uoQxMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4A1emNfw==</latexit>

T1
<latexit sha1_base64="f3b/2kLnI7Ru0/IKlTafEXh8VFM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lxHxBcoS9zVyyZG/v2N0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v53cxubW9k5+t7C3f3B4VDw+aek4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDf320+oNI9lw0wS9CM6lDzkjBorPTb6lX6x5JbdBcg68TJSggz1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLU2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMz/JgOukBkxsYQyxe2thI2ooszYdAo2BG/15XXSqpS9q3L1oVqq3WZx5OEMzuESPLiGGtxDHZrAYAjP8ApvjnBenHfnY9mac7KZU/gD5/MH122NgA==</latexit>

T2

<latexit sha1_base64="HaThvDoEi0/T7nYGbASnePKc4pc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgBePEc0DkiXMTmaTIbOzy0yvGEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33rk2ohYPeA44X5EB0qEglG00v3TddArltyyOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhW/YlQSYpcscWiMJUEYzL7m/SF5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukeVH2LsuVu0qpVs3iyMMJnMI5eHAFNbiFOjSAwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPIjaNrg==</latexit>

x = b
<latexit sha1_base64="iW7t7B7w/WjxSSC9bBnwHOhtUto=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexK0R4LXjxWsB/QLiWbZtvQbLIms6Vl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzglhwA6777Wxsbm3v7Ob28vsHh0fHhZPTplGJpqxBlVC6HRDDBJesARwEa8eakSgQrBWM7uZ+a8y04Uo+wjRmfkQGkoecErCS3wU2gVQlMCtNrnqFolt2F8DrxMtIEWWo9wpf3b6iScQkUEGM6XhuDH5KNHAq2CzfTQyLCR2RAetYKknEjJ8ujp7hS6v0cai0LQl4of6eSElkzDQKbGdEYGhWvbn4n9dJIKz6KZdxAkzS5aIwERgUnieA+1wzCmJqCaGa21sxHRJNKNic8jYEb/XlddK8Lns35cpDpVirZnHk0Dm6QCXkoVtUQ/eojhqIoif0jF7RmzN2Xpx352PZuuFkM2foD5zPH/lNkjU=</latexit>

out(x)

<latexit sha1_base64="bOF+s2BZ+IsXkY0pbhjGq96kRGU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0oFLx4rGA/oAllstm0S3eTsLuR1tJf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUpZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUslmSS0SRKeyE4AinIW06ZmmtNOKimIgNN2MLyd+e1HKhVL4gc9TqkvoB+ziBHQRurZZQ+Uxp5gIR7dwAh6dsWpOnPgVeLmpIJyNHr2lxcmJBM01oSDUl3XSbU/AakZ4XRa8jJFUyBD6NOuoTEIqvzJ/PApPjVKiKNEmoo1nqu/JyYglBqLwHQK0AO17M3E/7xupqMrf8LiNNM0JotFUcaxTvAsBRwySYnmY0OASGZuxWQAEog2WZVMCO7yy6ukdV51L6q1+1qlfp3HUUTH6ASdIRddojq6Qw3URARl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz8IBpKt</latexit>

⇤ | x = axa

<latexit sha1_base64="pfvi/LZthnPk9Name706BSZh43k=">AAACJ3icdVDLSgMxFM3UV62vUZdugkVwVWZEVKhIwY3LCvYBnaFkMrdtaCYzJBmhDP0bN/6KG0FFdOmfmE670FYPhBzOOZfkniDhTGnH+bQKS8srq2vF9dLG5tb2jr2711RxKik0aMxj2Q6IAs4ENDTTHNqJBBIFHFrB8Hrit+5BKhaLOz1KwI9IX7Aeo0QbqWtfeakIQQaSUMgI9mgYa4XJuCuwV/WqOMivf0Ndu+xUnBx4kbgzUkYz1Lv2ixfGNI1AaMqJUh3XSbSfEakZ5TAueamChNAh6UPHUEEiUH6W7znGR0YJcS+W5giNc/XnREYipUZRYJIR0QM1703Ev7xOqnsXfsZEkmoQdPpQL+VYx3hSGg6ZBKr5yBBCJTN/xXRATB3aVFsyJbjzKy+S5knFPauc3p6Wa5ezOoroAB2iY+Sic1RDN6iOGoiiB/SEXtGb9Wg9W+/WxzRasGYz++gXrK9vaQqlpg==</latexit>

a · · · a| {z }
n

b a · · · a| {z }
n

cuts (period 1)

delay between runs with some output 

<latexit sha1_base64="PcZMyA8hXGelEyV1IN/egD27ydk=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinrwUPDisYL9gCaEzWbaLt1swu5GKKF48a948aCIV3+FN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZVWVtfWN8qbla3tnd09e/+grZJMUmjRhCeyGxIFnAloaaY5dFMJJA45dMLRzdTvPIBULBH3epyCH5OBYH1GiTZSYB95mYhAhpJQyAn2aJRohckkGAV21ak5M+Bl4hakigo0A/vLixKaxSA05USpnuuk2s+J1IxymFS8TEFK6IgMoGeoIDEoP5+9MMGnRolwP5GmhMYz9fdETmKlxnFoOmOih2rRm4r/eb1M96/8nIk00yDofFE/41gneJoHjpgEqvnYEEIlM7diOiQmDm1Sq5gQ3MWXl0n7vOZe1Op39WrjuoijjI7RCTpDLrpEDXSLmqiFKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AFOMZdc</latexit>a · · · a| {z }
k

<latexit sha1_base64="PcZMyA8hXGelEyV1IN/egD27ydk=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinrwUPDisYL9gCaEzWbaLt1swu5GKKF48a948aCIV3+FN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZVWVtfWN8qbla3tnd09e/+grZJMUmjRhCeyGxIFnAloaaY5dFMJJA45dMLRzdTvPIBULBH3epyCH5OBYH1GiTZSYB95mYhAhpJQyAn2aJRohckkGAV21ak5M+Bl4hakigo0A/vLixKaxSA05USpnuuk2s+J1IxymFS8TEFK6IgMoGeoIDEoP5+9MMGnRolwP5GmhMYz9fdETmKlxnFoOmOih2rRm4r/eb1M96/8nIk00yDofFE/41gneJoHjpgEqvnYEEIlM7diOiQmDm1Sq5gQ3MWXl0n7vOZe1Op39WrjuoijjI7RCTpDLrpEDXSLmqiFKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AFOMZdc</latexit>a · · · a| {z }
k

<latexit sha1_base64="sklfSm9wssB4GbnvROcNTXp4/dg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZMV+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmseyYSYJ+hEdSh5yRo2VHht9r1+uuFV3DrJKvJxUIEe9X/7qDWKWRigNE1Trrucmxs+oMp wJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nroupdVS8fLiu12zyOIpzAKZyDB9dQg3uoQxMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4A1emNfw==</latexit>

T1

<latexit sha1_base64="f3b/2kLnI7Ru0/IKlTafEXh8VFM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lxHxBcoS9zVyyZG/v2N0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v53cxubW9k5+t7C3f3B4VDw+aek4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDf320+oNI9lw0wS9CM6lDzkjBorPTb6lX6x5JbdBcg68TJSggz1fvGrN4hZGqE0TFCtu56bGH9Kle FM4KzQSzUmlI3pELuWShqh9qeLU2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMz/JgOukBkxsYQyxe2thI2ooszYdAo2BG/15XXSqpS9q3L1oVqq3WZx5OEMzuESPLiGGtxDHZrAYAjP8ApvjnBenHfnY9mac7KZU/gD5/MH122NgA==</latexit>

T2

0

<latexit sha1_base64="GNs1HJEVMH0iES/nsb3onwWbMS0=">AAACJ3icdVDLSsNAFJ34rPUVdelmsAiuSiKigiIFNy4rWBWaUG4mtzp0MokzE6GE/o0bf8WNoCK69E+ctln4PDBwOOdc7twTZYJr43nvzsTk1PTMbGWuOr+wuLTsrqye6zRXDFssFam6jECj4BJbhhuBl5lCSCKBF1HveOhf3KLSPJVnpp9hmMCV5F3OwFip4x4FuYxRRQoYFkADFqdGUxh0ejS4ySGmEQ0O6L+hjlvz6t4I9DfxS1IjJZod9ymIU5YnKA0ToHXb9zITFqAMZwIH1SDXmAHrwRW2LZWQoA6L0Z0DummVmHZTZZ80dKR+nSgg0bqfRDaZgLnWP72h+JfXzk13Pyy4zHKDko0XdXNBTUqHpdGYK2RG9C0Bprj9K2XXYOswttqqLcH/efJvcr5d93frO6c7tcZhWUeFrJMNskV8skca5IQ0SYswckceyDN5ce6dR+fVeRtHJ5xyZo18g/PxCQInpgI=</latexit>

a · · · a| {z }
k

b a · · · a| {z }
k

01

[Filiot-Jecker-Löding-Winter’22]



Resynchronizations

<latexit sha1_base64="pfvi/LZthnPk9Name706BSZh43k=">AAACJ3icdVDLSgMxFM3UV62vUZdugkVwVWZEVKhIwY3LCvYBnaFkMrdtaCYzJBmhDP0bN/6KG0FFdOmfmE670FYPhBzOOZfkniDhTGnH+bQKS8srq2vF9dLG5tb2jr2711RxKik0aMxj2Q6IAs4ENDTTHNqJBBIFHFrB8Hrit+5BKhaLOz1KwI9IX7Aeo0QbqWtfeakIQQaSUMgI9mgYa4XJuCuwV/WqOMivf0Ndu+xUnBx4kbgzUkYz1Lv2ixfGNI1AaMqJUh3XSbSfEakZ5TAueamChNAh6UPHUEEiUH6W7znGR0YJcS+W5giNc/XnREYipUZRYJIR0QM1703Ev7xOqnsXfsZEkmoQdPpQL+VYx3hSGg6ZBKr5yBBCJTN/xXRATB3aVFsyJbjzKy+S5knFPauc3p6Wa5ezOoroAB2iY+Sic1RDN6iOGoiiB/SEXtGb9Wg9W+/WxzRasGYz++gXrK9vaQqlpg==</latexit>

a · · · a| {z }
n

b a · · · a| {z }
n

cuts (period 1)

delay between runs with same output 

<latexit sha1_base64="PcZMyA8hXGelEyV1IN/egD27ydk=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinrwUPDisYL9gCaEzWbaLt1swu5GKKF48a948aCIV3+FN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZVWVtfWN8qbla3tnd09e/+grZJMUmjRhCeyGxIFnAloaaY5dFMJJA45dMLRzdTvPIBULBH3epyCH5OBYH1GiTZSYB95mYhAhpJQyAn2aJRohckkGAV21ak5M+Bl4hakigo0A/vLixKaxSA05USpnuuk2s+J1IxymFS8TEFK6IgMoGeoIDEoP5+9MMGnRolwP5GmhMYz9fdETmKlxnFoOmOih2rRm4r/eb1M96/8nIk00yDofFE/41gneJoHjpgEqvnYEEIlM7diOiQmDm1Sq5gQ3MWXl0n7vOZe1Op39WrjuoijjI7RCTpDLrpEDXSLmqiFKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AFOMZdc</latexit>a · · · a| {z }
k

<latexit sha1_base64="PcZMyA8hXGelEyV1IN/egD27ydk=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinrwUPDisYL9gCaEzWbaLt1swu5GKKF48a948aCIV3+FN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZVWVtfWN8qbla3tnd09e/+grZJMUmjRhCeyGxIFnAloaaY5dFMJJA45dMLRzdTvPIBULBH3epyCH5OBYH1GiTZSYB95mYhAhpJQyAn2aJRohckkGAV21ak5M+Bl4hakigo0A/vLixKaxSA05USpnuuk2s+J1IxymFS8TEFK6IgMoGeoIDEoP5+9MMGnRolwP5GmhMYz9fdETmKlxnFoOmOih2rRm4r/eb1M96/8nIk00yDofFE/41gneJoHjpgEqvnYEEIlM7diOiQmDm1Sq5gQ3MWXl0n7vOZe1Op39WrjuoijjI7RCTpDLrpEDXSLmqiFKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AFOMZdc</latexit>a · · · a| {z }
k

<latexit sha1_base64="sklfSm9wssB4GbnvROcNTXp4/dg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZMV+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmseyYSYJ+hEdSh5yRo2VHht9r1+uuFV3DrJKvJxUIEe9X/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nroupdVS8fLiu12zyOIpzAKZyDB9dQg3uoQxMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4A1emNfw==</latexit>

T1

<latexit sha1_base64="f3b/2kLnI7Ru0/IKlTafEXh8VFM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lxHxBcoS9zVyyZG/v2N0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v53cxubW9k5+t7C3f3B4VDw+aek4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDf320+oNI9lw0wS9CM6lDzkjBorPTb6lX6x5JbdBcg68TJSggz1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLU2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMz/JgOukBkxsYQyxe2thI2ooszYdAo2BG/15XXSqpS9q3L1oVqq3WZx5OEMzuESPLiGGtxDHZrAYAjP8ApvjnBenHfnY9mac7KZU/gD5/MH122NgA==</latexit>

T2

0

<latexit sha1_base64="GNs1HJEVMH0iES/nsb3onwWbMS0=">AAACJ3icdVDLSsNAFJ34rPUVdelmsAiuSiKigiIFNy4rWBWaUG4mtzp0MokzE6GE/o0bf8WNoCK69E+ctln4PDBwOOdc7twTZYJr43nvzsTk1PTMbGWuOr+wuLTsrqye6zRXDFssFam6jECj4BJbhhuBl5lCSCKBF1HveOhf3KLSPJVnpp9hmMCV5F3OwFip4x4FuYxRRQoYFkADFqdGUxh0ejS4ySGmEQ0O6L+hjlvz6t4I9DfxS1IjJZod9ymIU5YnKA0ToHXb9zITFqAMZwIH1SDXmAHrwRW2LZWQoA6L0Z0DummVmHZTZZ80dKR+nSgg0bqfRDaZgLnWP72h+JfXzk13Pyy4zHKDko0XdXNBTUqHpdGYK2RG9C0Bprj9K2XXYOswttqqLcH/efJvcr5d93frO6c7tcZhWUeFrJMNskV8skca5IQ0SYswckceyDN5ce6dR+fVeRtHJ5xyZo18g/PxCQInpgI=</latexit>

a · · · a| {z }
k

b a · · · a| {z }
k

01

[Filiot-Jecker-Löding-Winter’22]

Fix a period p and a delay d. 
Two runs with same output have delay d w.r.t. period p if the delay (= length 
difference of output) measured at cuts is at most d.



Resynchronizations
[Filiot-Jecker-Löding-Winter’22]

Fix a period p and a delay d. 

A letter-to-letter 1NFT R can be constructed such that R takes a 
run r1 of SST T1 and outputs runs r2 of SST T2 with delay(r1,r2) at 
most d.

Given single-valued NSST T1, T2 one can compute p and d such 
that T1 = T2 iff  T1 = R(T2).

Given single-valued NSST T there exist p and d such that: 

T1 = T2 for some T2 with k registers iff T1 = R(T2) for some T2 
with k registers



Bibliography

E. Filiot, P.-A. Reynier. Transducers, logic and algebra for 
functions of finite words.  ACM SIGLOG News 3(3), 4019, 2016

A. Muscholl, G. Puppis. The many facets of string transducers. 
LIPICs 126:1-21, STACS 2019

M. Bojanczyk. The Hilbert method for transducer equivalence. 
ACM SIGLOG News 6(1), 5-17, 2019



Thank you for listening!


